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I. INTRODUCTION 

1.1 Problem Statement 

Modeling the behavior of concrete pavements, specifically their response to loads 

and other prevailing conditions, has been a subject of intensive research for several 

decades. Researchers have implemented several theoretical techniques to represent this 

complex system of layered media. Each layer, though treated as a homogenous medium, 

is comprised of materials with very different properties. Several models have been 

proposed to capture the “true” behavior of a concrete pavement structure, i.e., its 

ads and environmresponse (induced stresses, strains and deflections) to applied lo ental 

conditions (curling and warping, etc.). 

The Finite Element Method (FEM) is by far the most universally applied 

technique for analyzing concrete pavements. The FEM provides a powerful 

computational tool, capable of predicting stresses and deflections in pavement layers for 

a variety of loading configurations, environmental conditions and structural orientation. 

Despite its versatility in predicting desired pavement responses however, studies have 

shown that in general, a FEM model predicts pavement responses that are higher than 

measured concrete pavement responses. Although a consistent rationale for these 

differences has not been proposed, efforts have been made in the literature to unravel this 

mystery. Researchers in this discipline generally associate discrepancies in measured and 

predicted pavement responses with the lack of guidance in selecting appropriate layer 

parameters for model input, inescapable measurement errors and the validity of general 

modeling assumptions. It is a common practice for researchers to shade these 
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discrepancies through careful adjustment of model parameters, or by presenting 

justifiable claims about the model’s ability to simulate the intended system. 

In general, finite element models are robust when they are compared with 

available analytical solutions. Westergaard’s (1926) pavement formulas have been 

traditionally used to validate the accuracy of predictions made by a FEM model. This 

validation method verifies that the model predicts responses in accordance with the 

assumptions used in Westergaard’s analysis to develop his equations. However, it does 

not guarantee consistency in the model’s ability to accurately predict “true” pavement 

responses, as is evident when model predictions are compared with measured responses. 

In other words, model integrity breaks down when the model is compared with actual 

pavement measurements. 

It is the position of the author that some assumptions which form the basis of 

FEM models are not consistent with an actual pavement structure. For example, in the 

Winkler foundation model, shear effects are neglected in the foundation. However, 

studies have shown that frictional forces develop along the interface between the slab and 

its support even if there is no physical bond between the layers. Another example is the 

characterization of the fundamental parameter in the Winkler foundation model – the 

modulus of subgrade reaction (k-value). There are numerous reports in the literature that 

discusses the apparent dissimilarity between the measured k-value and the FEM model 

input k-value, although they represent the same foundation property. 

A study that evaluates the consistency of the general assumptions used in a FEM 

pavement analysis model as it simulates the behavior of a concrete pavement structure 

will provide a more refined understanding of the mechanism affecting the system, and 
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improve the accuracy of existing PCC pavement modeling techniques. An accurate sub-

model (i.e., a model that defines the behavior of a particular mechanism) will reduce the 

margin of error between the model and the system. To the PCC pavement community, 

this translates to more reliable pavement designs and analyses. 

1.2 Research Goal and Objectives 

The goal of this research is to develop reliable and consistent techniques for 

improving the ability of a FEM pavement analysis model to accurately simulate the 

mechanical responses of a PCC pavement structure to various stress-inducing factors. It 

is the intent of the author to meet this goal by developing a numerical technique that 

improves the accuracy of estimating the modulus of subgrade reaction (k-value), and is 

sensitive to the mechanical responses of the pavement structure. 

1.3 Research Approach 

This research is primarily targeted at improving the capability of a FEM model to 

accurately simulate mechanical responses of PCC pavements to various stress factors. 

The literature contains several important contributions that in fact attempt to bridge the 

gap between predicted pavement responses and observed pavement responses, which 

have remained largely unappreciated, forgotten or overlooked. Some have been 

criticized for consistency, while others have been disregarded due to mathematical 

complexity and the lack of powerful computer applications to simulate the system. It is 

now possible to take full advantage of advances made in general FEM application 

programs, especially the application of PCC pavement modeling in three dimensions, 
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which capture intricate details of the system that could not be analyzed in two-

dimensional modeling. 

Essential assumptions of several modeling techniques (as they relate to pavement 

structures) are identified and reviewed for accuracy, consistency, and ease of application. 

A synopsis of the critical factors that control the mechanical performance of a PCC 

pavement structure will be presented, and the methods by which these factors are 

included in a typical FEM pavement model will be reviewed. Close attention will be 

given to assumptions that specify the mechanical behavior of the subgrade material. A 

comprehensive analysis of measured pavement response data and predicted pavement 

responses from a FEM model will culminate in regression models that simulate in part 

the mechanical behavior of a PCC pavement structure. 

1.4 Scope of Research 

The research begins with an extensive field study at Mn/ROAD – a heavily 

instrumented pavement testing facility in Ostego, Minnesota. The purpose of the field 

study is to collect mechanical pavement response data – primarily longitudinal and 

transversal strain – for varying levels of vehicle axle load and configuration, speed, and 

tire type and pressure. The second part of this research will focus on an elaborate 

analysis aimed at developing a procedure for characterizing an effective modulus of 

subgrade reaction as a function of the mechanical behavior (stresses, strain, and 

deflection) of the subgrade and the loads and structure the subgrade supports. This is 

dictated by the need to revise a compressibility parameter for the subgrade (generally the 
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k-value) that is suitable for use in FEM models, and is numerically equivalent to the 

compressibility parameter defined for the subgrade in a real pavement structure. 

1.5 Detailed Research Approach 

Studies (Huang, et al 1973) have shown that the k-value observed in the field is 

not equivalent to the k-value one would input into a finite element model to yield 

comparable pavement responses (all things being equal). In the field, the modulus of 

subgrade reaction is determined using data obtained from a 30-inch diameter plate 

loading test (Ioannides, 1984) on the foundation. The resulting k-value is a function of 

the plate size. 

This research premises that a similar relationship can be found between the k-

value and certain characteristics of the structure and load it supports. The objective is to 

characterize the k-value as a material property for which the only prior knowledge about 

the foundation are its elastic properties and the structure and load it supports. In order to 

obtain an appropriate form of the model, two-dimensional FEM model and a statistical 

analysis tool are used to evaluate the dependency of the k-value on selected pavement 

parameters. The final model structure will be selected based on regression techniques 

and then compared with the strain response data obtained from the Mn/ROAD testing 

facility. This model will be capable of predicting an “responsive” k-value that is 

mechanically equivalent to a measured k-value and is suitable for PCC pavement analysis 

and design. Figure 1.1 shows a schematic of the research approach for this study. 
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Figure 1.1. Flowchart of the research motivation and general approach. 
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II. PAVEMENT STRUCTURE CHARACTERIZATION AND MODELS 

2.1 Material Property Characterization 

Simulating a concrete pavement structure using a FEM pavement analysis model 

requires proper and accurate characterization of the layers that make up the structure. 

Such considerations are essential to ensure the compatibility between the model and the 

system being modeled. As with many of the structures in geomechanics, “sufficiently” 

accurate simulations of pavement structures are made possible through studies conducted 

to provide precise information concerning the orientation and homogenous engineering 

properties of each layer. Material properties that are commonly defined for the pavement 

slab and its supporting layer(s) for use in a FEM model are the elastic modulus, Poisson’s 

ratio and the coefficient of thermal expansion/contraction. The slab layer is also 

characterized by its unit weight. In addition, the subgrade layer is characterized by its 

ability to support the structure through the modulus of subgrade reaction; hereafter 

referred to as the valk- ue. 

The layer elastic modulus, Poisson’s ratio, coefficient of thermal 

expansion/contraction and the slab unit weight are termed “natural” properties. They are 

described as “natural” because they are properties that are robust and can be consistently 

retrieved through standardized testing procedures (lab and non-destructive, etc.). In 

contrast, the k-value is dubbed a “fictitious” property of the subgrade, and is highly 

dependent on the internal and external conditions of the pavement structure at any given 

time. This section provides brief descriptions of the fundamental material properties used 

in a FEM pavement analysis model as they relate to the each layer, and typical methods 

by which they are obtained. 
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2.1.1 PCC Surface Layer (Slab) 

As previously mentioned, in FEM analysis of rigid pavements, the slab is 

typically characterized by four material properties – the elastic modulus, unit weight, 

Poisson’s ratio and the coefficient of thermal expansion/contraction. Each property 

uniquely defines the response of the slab to varying degrees of deformation. In order to 

make the slab model a close reflection of the actual slab, it is common practice to use the 

real properties of the slab to define the properties of the model. These properties are 

readily obtained from laboratory testing, on-site testing or non-destructive testing 

methods. Some of these properties can also be obtained from correlation with other 

material properties or even predicted with empirical formulas. 

The selection of a property based on the method in which it was obtained depends 

on the modeler’s preference and the degree of accuracy required by the simulation. This 

section provides a very brief discussion on the four material properties used in a FEM 

PCC slab model. 

2.1.1.1 Elastic Modulus 

The elastic modulus may be defined as the ratio of the normal stress to 

corresponding strain for tensile or compressive stresses. In pavement analysis, it is 

primarily used as a measure of the inherent stiffness of pavement layers as they are 

subjected to varying agents of deformation – for a given geometric configuration, a 

material with a large elastic modulus deforms less under the same stress. 

This quantity is generally obtained from lab tests, although it is common practice 

to back-calculate layer moduli from non-destructive test methods such as Falling Weight 
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Deflectometer and ultrasonic testing methods. Since the elastic modulus of concrete 

varies with the strength and age of concrete, it is also possible to correlate the elastic 

modulus to other material properties such as compressive strength. Using empirical 

equations that relates concrete elastic modulus and concrete compressive strength is also 

a common practice. One such empirical relationship, given by the equation, 

Ec = 57000 cf ′ (psi) (2.1) 

where, 

Ec = concrete elastic modulus 

fc = concrete compressive strength 

In the lab however, the slab elastic modulus is obtained via loading a concrete 

specimen (ASTM C 469) up to 40 percent of its ultimate load at failure and relating the 

applied stress to the corresponding strain. Graphically, this quantity corresponds to the 

slope of the straight-line portion of the stress-strain curve (see figure 1 for an example). 

Equation 2.1 and ASTM C469 gives the modulus of elasticity for concrete under 

static loads and is therefore referred to as the static modulus of elasticity. Under dynamic 

loading conditions, which are typical of axle loads on slabs, the concrete elastic modulus 

(dynamic) can exceed the static modulus by up to a factor of two. Since only a negligible 

stress is applied during the vibration of a specimen (laboratory testing), the dynamic 

modulus of elasticity refers to almost purely elastic effects and is unaffected by creeping 

effects. 
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Figure 2.1. Generalized stress-strain curve for concrete (PCA, 1988, pp. 157) 

The dynamic modulus can also be determined from the propagation velocity of 

pulse waves at an ultrasonic frequency. The relation between the pulse velocity and the 

dynamic elastic modulus is given by: 

Ed = ρV 2 (1 + µ)(1 − 2µ) (2.2)
1 − µ 

where, 

Ed  = dynamic modulus of elasticity 

ρ = density (unit weight) of concrete 

V  = propagation velocity 
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µ = Poisson’s ratio for concrete 

2.1.1.2 Poisson’s Ratio 

Poisson’s ratio is the ratio of lateral strain to axial strain in the direction of the 

applied uniaxial load. Poisson’s ratio as determined from strain measurements generally 

ranges from 0.15 to 0.20 for concrete pavement structures. A dynamic determination 

yields higher values, with an average of 0.24. 

The latter method requires the measurement of pulse velocity, V, and also the 

fundamental resonant frequency of longitudinal vibration of a beam of length L (from 

ASTM C 215-60). Poisson’s ratio can be calculated from the expression: 

2
 V  1 − µ 
 2nL 

 = (1 + µ)(1 − 2µ) (n = 1, 2, 3, ...)  (2.3) 

Esince in the wave propagation theory, 
ρ

= (2nL)2 

Poisson’s ratio may also be determined from the modulus of elasticity E, as 

determined in longitudinal or transverse mode of vibration, and the modulus of rigidity, 

G, using the formula: 

E µ = 
2G 

− 1 (2.4) 
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2.1.1.3 Unit Weight 

The unit weight (or density) of concrete specifies the weight of concrete per unit 

volume (expressed as pounds per cubic foot, pcf). The unit weight of concrete is 

dependent on it components, however the aggregate properties generally dominate. The 

unit weight of fresh concrete is determined in accordance to ASTM C138. In the case of 

hardened concrete, the unit weight can be determined by nuclear methods – ASTM 

C1040. Concrete pavements typically have a unit weight between 140 and 150 pcf. 

2.1.1.4 Coefficient of Thermal Expansion 

The coefficient of thermal expansion is defined as the relative change in length 

per unit temperature change for a material. The thermal coefficient of concrete depends 

both on the composition of the mix and the moisture state at the time of the temperature 

change. 

The influence of the mix proportions arises from the fact that two main 

constituents of the concrete, cement paste and aggregate, have dissimilar thermal 

coefficients and hence have potential for interaction. The coefficient for concrete is a 

consequence of the two values, typically ranging from 5.8 to 14 (10-6) per °C. Since 

there is a larger volume concentration of aggregate in a typical concrete mix, the 

aggregate thermal coefficients are generally indicative of the concrete thermal coefficient 

(Sheehan, 1999). 

The influence of the moisture state on the coefficient of thermal expansion 

primarily applies to the cement paste. Any effect on the paste is primarily due to 

swelling pressures and temperature changes in the capillary pores of the paste. With 
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considerations to both composition of the mix and moisture state, there is potential for a 

stress build up in the bond areas, inducing cracks and/or breaks. 

2.1.2 Subgrade Layer (Foundation) 

One of the fundamental subgrade parameters used in past and current pavement 

analysis and design is the k-value. As will be discussed later, the k-value is a 

proportionality constant that defines the degree to which the subgrade medium will 

deform under vertical stresses. It is the fundamental parameter behind the so-called 

dense liquid foundation model or the Winkler foundation model. In yet another 

commonly referenced foundation model – the elastic foundation model – the elastic 

modulus and Poisson’s ratio are used to characterize the subgrade medium. 

Whereas the layer elastic modulus and Poisson’s ratio are considered to be 

“natural” properties that can be determined through standardized testing procedures (lab, 

non-destructive, etc.) to a high degree of accuracy, the k-value is a “fictitious” property of 

the subgrade, and is highly dependent on the internal and external conditions of the 

pavement structure at any given time.  In the field, the k-value is determined using data 

obtained from a 30-inch diameter plate loading test performed on the foundation 

(Ioannides, 1984). The load is applied to a stack of 1-inch thick plates, until a specified 

pressure (p) or deflection (∆) is reached. The k-value is then computed as the ratio of the 

pressure to the corresponding deflection, i.e., 

k = p  (2.5)
∆ 
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The resulting pressure (p) is dependent on the area over which the pressure is distributed, 

i.e., plate size. Therefore the k-value is also dependent on the plate size. 

Teller and Sutherland (1943) investigated the effect of plate size on parameters 

such as the k-value for data collected at the Arlington Road Test. From the analyses, the 

load-deflection tests clearly showed the effects of plate size and displacement magnitude 

on the k-value (figure 2.2). For a specified displacement level, if the plate size (diameter) 

increases, the computed k-value decreases. Teller and Sutherland (1943) summarized the 

need to consider the effects of plate size and displacement level in the following 

statement: 

“It appears that when making tests to determine the value of the soil stiffness 

coefficient k it is necessary to limit the deformation to a magnitude within the range of 

pavement deflection and that it is of great importance to use a bearing plate of adequate 

size.” 

Another method for obtaining a k-value for use in analysis is by backcalculation 

from deflections of the slab surface obtained from non-destructive testing procedures 

such as the Falling Weight Deflectometer (FWD). Values of k obtained from this method 

are widely used in FEM models. The major concern for using these values is that they 

are quasi-static measurements used to analyze a dynamic process. 

It is interesting to note that these two methods used for determining the k-

value can yield very different results.  A k-value determined from backcalculation may be 

approximately 2 to 5 times higher than a k-value obtained from the plate load test (Darter 
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et al, 1994). The problem is to determine which value is an accurate representation of the 

stiffness of the subgrade soil. 

Figure 2.2. Effect of load size and magnitude on k (Darter et al, 1994, A-17) 

2.1.3 A Closer Look at the Modulus of Subgrade Reaction 

2.1.3.1 History of the k-value 

Winkler (1867) first introduced the concept of a “k-value” for an analysis of a 

beam resting on soil. It was referred to as the coefficient of subgrade reaction. Special 

attention was not given to the k-value however, until twenty years later when 

Zimmermann (1888) in his writing on the analysis of railway ties and rails defined the k-

value as a constant depending on the type of subgrade. This concept prevailed in 

subsequent development of theory for beams and slabs resting on soil, although many of 
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the earlier investigators recognized that the k-value was a quantity depending also on the 

size and shape of the loaded area (Vesic et al, 1970). 

Westergaard (1926) recognized the lack of a consistent method of predetermining 

the k-value. As a consolation he showed that an increase of the k-value in the ratio of 

four to one (e.g. from 50 psi/in to 200 psi/in), causes only minor changes in the important 

stresses. He further reasoned that minor variations of the subgrade modulus can be of no 

great consequence, and an approximate value of the k-value should be sufficient for an 

accurate determination of the important stresses within a given section of road (Vesic et 

al, 1970). Westergaard suggested that this coefficient might be determined best by 

comparing the deflections of full-sized slabs with deflections given by his formulas. 

Nevertheless, in subsequent development of his design method, most investigators 

preferred to determine k from plate load tests. 

Meanwhile, developments in the field of soil mechanics have consistently pointed 

out the inadequacy of the Winkler foundation model for simulation of soil response to 

loads in general (Terzaghi, 1932). Biot (1937) developed a solution for the problem of 

bending of an infinite beam resting on an elastic-isotropic solid and contended that k 

should depend on size, shape, and structural stiffness of the beam, as well as deformation 

properties of the soil. By 1950 a number of investigators recommended abandoning 

completely the coefficient k and all the theories based on it (De Beer, 1948; Caquot et al, 

1956). 

Terzaghi (1955) reviewed the entire history and development of theories based on 

the coefficient k. He contended that although the Winkler foundation model was artificial 

and had little to do with the actual response of soils to loads, the theories based on it can 
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give reasonable estimates of bending moments or stresses in beams and slabs. He 

imposed the condition that the right coefficient k should be used in the analysis, and 

warned that no agreement of deflections should be expected from similar analyses. He 

also recommended that the k-value for slabs on soil be determined by extrapolating the 

results of load tests to the range of influence of the load acting on the slab, which he 

defined as 2.5 times the radius of relative stiffness of the slab. 

Vesic (1961) extended Biot’s theory of bending of beams resting on an elastic-

isotropic solid and demonstrated that it was possible to select a k-value so as to obtain a 

good approximation of both bending stresses and deflections of a beam resting on a solid, 

provided the beam is sufficiently long. The value of k is given by 

kB = 0.65 2
12 

4 

1 s 

s 

b 

s 

v 
E 

IE 
BE 

− 
(2.6) 
 

where, 

kB = K (in tons/ft2) = modulus of subgrade reaction 

B  = width of beam 

EbI  = structural stiffness of beam 

Es = Elastic modulus of solid 

vs = Poisson’s ratio of solid 

Further investigations (Vesic 1961, 1963) confirmed experimentally that is was 

possible to select the k-value of a beam resting on soil using equation 2.6 and obtaining 

the soil deformation characteristic from triaxial and plate load tests. 
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The real meaning of the modulus of subgrade reaction for beams resting on soil 

emerged as a result of all studies performed.  This quantity was idealized as follows 

(Vesic et al, 1970): 

“In the analysis of flexible beams resting on soil, it is appropriate to assume that 

the contact pressure per unit length of the beam are proportional to the 

deflections at the corresponding point. The constant of proportionality increases 

directly with the plane-strain modulus of deformation of the subgrade, Es/1 – vs, 

and also with the twelfth root of the relative flexibility of the beam with respect to 

the subgrade.” 

2.1.3.2 Sensitivity of the k-value 

2.1.3.2.1 Moisture Content 

The k-value is very sensitive to seasonal variations in moisture content (figure 

2.3). In the Arlington study (Teller and Sutherland, 1943), researchers observed a 40 to 

50 percent increase in k-value when the subgrade moisture changed from 25 percent 

during winter testing to 17 percent during summer testing. An unsaturated soil with a 

relatively high moisture content is “soft” and therefore more susceptible to deformation. 

This soil “weakness” is reflected in the stiffness parameter, i.e., the k-value. The 

converse is also true – a soil with a low moisture content is relatively “stiff”, and offer 

more resistance to deformation; hence a higher k-value. 
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Figure 2.3. Effect of seasonal variation and deformation level on k-value (Darter et al, 
1994, pp. A-21). 

2.1.3.2.2 Loading Rate in Cohesive Saturated Soils 

The k-value of this type of soil may be substantially higher under rapid loading 

(e.g., moving vehicle or impulse loads) than under slow loading, because under rapid 

loading, pore water pressures are not fully dissipated. This is of practical concern for 

concrete pavement design because the available performance models are based on k-

values determined from static load tests, while the actual loads applied by traffic are 

usually dynamic (Darter et al, 1994). 
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2.1.3.2.3 Loading Conditions – Magnitude of Load 

In real-life, pavement structures are subjected to different magnitudes of loads. 

For a given subgrade soil with a given level of compressibility, vertical deformation is 

proportional to the load magnitude. This relationship holds true in the definition of the k-

value. It is possible to have an indirect, nonlinear relationship between the duration of 

the load and the corresponding deflection (as in the case during a plate load test). Then 

heavier loads are expected to yield larger k-values and make the subgrade appear stiffer 

than it really is. 

This is an important observation because FEM models require only one k-value 

input for the subgrade (some models allow unique k-values for different sections of the 

subgrade). In an analysis where the load changes, the same k-value is used and there are 

no load-dependency schemes for adjusting the k-value as per the above discussion. 

2.1.3.2.4 Loading Condition - Location on the Slab 

For a given slab thickness, the apparent stiffness of the foundation is dependent 

on the location of the load on the slab, i.e., edge, interior or corner. A load placed at a 

location with no free edges in its immediate vicinity (interior) has full support of both the 

slab and the subgrade. In contrast, the same load placed at a free edge has only partial 

support from the slab. There is a decrease in the area over which the load is applied, and 

a corresponding increase in the stress at this location. Consequently, the subgrade will 

have to be much stiffer at this location to compensate for the additional support the slab 

would have provided if it was present as in the case of an interior loading. 
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2.1.3.2.5 Time Dependency of Subgrade Deformation 

Subgrade deformation is time-dependent. Teller and Sutherland (1943) observed 

this time-dependency in their analyses with plate loading test results from the Arlington 

Road Test. They observed that for a given load applied to the bearing plate of the load 

testing apparatus, the displacement of the plate continues for a long time before a 

complete equilibrium is reached, i.e., before the deformation stops. It follows then that in 

reality, resistance to deformation (represented by the k-value) should be dependent on the 

duration of the load to which the subgrade is subjected, since the k-value is a function of 

deflection and deflection is a function on time. 

2.1.3.2.6 Geometry of Structure - Slab Thickness 

The stress level in a slab and subsequently, the subgrade, is dependent on the 

thickness of the slab. The extent of this dependency can be significant. From beam 

theory (2-D slab), stress is proportional to the inverse of thickness raised to the third 

power. So an increase in slab thickness reduces the stresses in the slab and thereby 

making the subgrade appear less stiff. The converse is also true. 

2.1.3.2.7 Geometry of Structure - Rigid Layer 

The presence of a natural rigid layer beneath the subgrade adds support to the 

structure and it effectively increases the stiffness of the subgrade. 
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2.1.4 Static versus Dynamic Analysis 

Another concern in rigid pavement modeling is the effect of using a static analysis 

as opposed to a dynamic analysis. A static model assumes that the load component of the 

analysis is stationary. Any dynamic effects in static modeling are reflected in material 

properties such as elastic modulus and k-value. In dynamic modeling, dynamic loads are 

introduced to the pavement model as transient loads with arbitrary time histories (Chatti, 

et al, 1994). Dynamic modeling also accounts for inertial and viscous effects in the 

pavement structure. 

A truckload moving on a pavement structure is a dynamic process. It seems 

logical that a dynamic analysis of the system should be appropriate. Dynamic stresses in 

the field are smaller than static stresses (Huang, et al, 1973). Static FEM models 

represent dynamic effects in material properties. Problems arise in trying to accurately 

define these dynamic properties. 

Chatti, et al (1994) concluded that once dynamic wheel loads have been 

determined, there is generally little to gain from a complete dynamic analysis of the 

pavement and its foundation. This conclusion was based on investigating the effects of 

vehicle speed and pavement roughness on pavement response using a dynamic finite. It 

was shown that differences in edge bending stress (top surface of slab) induced from a 

load “moving” at zero speed (quasi-static) and one moving at 88.5 km/h were negligible. 

In the pavement roughness analysis, the authors observed that stress pulses caused by five 

different axles had basically the same shape, irrespective of pavement distress type. 

However, in the move towards a more accurate representation of a pavement system, it is 

worthwhile to considered some, if not all dynamic characteristics of the system. 
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2.2 Pavement Structure Characterization Models 

2.2.1 PCC Surface Layer 

2.2.1.1 Thin Plate Theory 

The bending of a plate depends greatly on its thickness in comparison to its other 

dimensions. Timoshenko and Krieger (1959) identifies three fundamental forms of plate 

bending: (a) thin plate with small deflections, (b) thin plates with large deflections, and 

(c) thick plates. Slabs-on-grade are of the form thin plates with small deflections. 

Hudson and Matlock (1966) developed an approximate theory for the bending of thin 

plates with small deflections (i.e., the deflection is small in comparison with the 

thickness). The thin plate model was assumed to be thick enough to carry a transverse 

load by flexure, but not so thick that transverse shear deformation became an important 

consideration. 

Three fundamental assumptions governed the development of Hudson and 

Matlock (1966) thin plate theory: 

1) 	 There is no deformation in the middle plane of the plate. This plane 

remains neutral during bending. 

2) 	 Planes of the plate lying initially normal to the middle surface of the plate 

remain normal to the middle surface of the plate after bending. 

3) 	 The normal stresses in the direction transverse to the plate can be 

disregarded. 
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Structural plates and pavement slabs are normally subjected to loads that are 

applied orthogonal to the plane of the their surface, i.e., lateral loads. Timoshenko and 

Krieger (1959) and others have derived a differential equation that describes the 

deflection surface of such plates. The equation is known as the biharmonic equation, and 

has the form, 

∂ 2 M xy∂ 
∂ 

2 

x 
M 

2 
x +

∂ 2 M y − 2 
∂x∂y 

= q (2.7)
∂y 2 

where, 

Mx = bending moment acting on an element of the plate in the 

x-direction 

My  = bending moment acting on an element of the plate in the 

x-direction 

Mxy = twisting moment tending to rotate the element about the x-axis. 

q  = distributed lateral stress 

For this equation to be evaluated, it is plausible to assume that moment equations 

derived for bending can also be applied to laterally loaded plates. This assumption 

equates to neglecting the effect of shearing forces on bending. Errors induced by 

solutions derived from such assumptions are negligible provided the thickness of the 

plate is small in comparison with the other dimensions of the plate. Hudson and Matlock 

(1966) formulated the solution to the biharmonic equation for the special case of an 
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isotropic plate. The solution related the stress to the deflection and the bending stiffness 

of the plate: 

∂ 4 w ∂ 4 w ∂ 4 w  
D

∂x 4 + 2 
∂x 2 ∂y 2 +

∂y 2 = q  (2.8) 

where, 

w  = lateral deflection 

D  = bending stiffness of plate, computed as 

Et 3 

D = 
12(1 − v 2 ) 

and, 

E  = elastic modulus 

t  = slab thickness 

v  = Poisson’s ratio 

2.2.1.2 The Physical Model 

The slab is physically modeled by a system of finite elements whose behavior can 

be properly described with a system of algebraic equation. A full description of the 

development of the model is provided by Matlock et al (1966). The basic element in the 

thin plate model is the model of a beam subjected to transverse and axial loads, as 
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illustrated in figure 2.4a. The introduction of linear-elasticity for the stress-strain 

relationship in the basic element allows it to be modeled as a pair of hinged plates with 

linear springs containing the elastic flexural stiffness of the beam, restraining movement 

of the plates. This idealization is depicted in figure 2.4d. The two-dimensional model of 

the beam on foundation is obtained by linking several basic elements (see figure (2.4e,f)). 

Figure 2.4. Finite mechanical representation of a conventional beam (Hudson et al, 
1966, pp. 15). 

The fore-mentioned concepts are extended to slabs-on-foundation by combining 

beams in each horizontal orthogonal direction to form a grid-beam (rigid bars and 

deformable joints) system and introducing torsional effects and the Poisson’s ratio effect. 

Torsional effects are incorporated into the model by placing torsion bars between the 

rigid bars. Figure (2.5) shows a typical arrangement of the grid-beam system. Figure 

(2.6) shows an example of the slab model being subjected to bending under a load. 
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Figure 2.5. Finite element model of grid-beam system (Hudson et al, 1966, pp. 17) 

Figure 2.6. Slab model subjected to bending under load (Hudson et al, 1966, pp. 29) 
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2.2.2 Foundation Layer 

Slabs-on-grade type pavements (no base layer) are associated with soil-interaction 

analysis problems in the structural and geotechnical engineering field. As in numerous 

other engineering applications, the response of the supporting soil medium under the 

pavement is the governing consideration. To ensure an accurate evaluation of this 

response, it is important to capture the complete stress-strain characteristics of the soil. 

Accurately describing the stress-strain characteristics of any given soil is usually 

hindered by the large variety of soil conditions, which are markedly nonlinear, 

irreversible and time dependent. Furthermore, these soils are generally anisotropic and 

inhomogeneous (Ioannides, 1984). 

The inherent complexity of real soils has led to the development of a number of 

idealized models. These models attempt to simulate soil response under predefined 

loading and boundary conditions. Certain assumptions about the soil medium are 

attached to these idealizations, which are key techniques for reducing the analytical rigor 

of such a complex boundary value problem (Ioannides, 1984). Two of the more applied 

assumptions are that of linear elasticity and homogeneity. These assumptions will not be 

justified. 

2.2.2.1 Dense Liquid Foundation Model 

In the dense liquid foundation model, also known as the Winkler foundation 

model, the foundation is considered as a bed of closely spaced, independent, linear 

springs. The model assumes that each spring deforms in response to the vertical stress 

applied directly to that spring, and is independent of any shear stress transmitted from 
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adjacent areas in the foundation. It follows that the stress q(x,y) at any point in the 

foundation is directly proportional to the deflection w(x,y) at that point, i.e., 

q(x, y) = k ⋅ w(x, y)  (2.9) 

where k, the constant of proportionality, is referred as the modulus of subgrade reaction. 

This parameter is expressed in units of force per unit area, per unit deflection, e.g., psi/in 

or pci (Ioannides, 1984). 

No shear transmission also means that there are no deflections beyond the edge of 

the plate (slab edge). The liquid idealization of this foundation type (illustrated in figure 

2.7) was derived for its behavioral similarity to a medium following Archimedes’ 

buoyancy principle – the weight of a boat is equal to the water displaced. Its first 

application involved a liquid medium rather than a soil foundation by Hertz (1884) in his 

analysis of a floating ice sheet. It has been further applied to pavement support systems 

in studies by Zimmermann (1888), Schleicher (1926), and Westergaard (1926, 1933, 

1947). 

Figure 2.7. Dense liquid and elastic solid extremes of elastic soil response (Darter et al, 
1994, pp. A-2) 
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2.2.2.2 Elastic Solid Foundation Model 

The elastic solid foundation model, sometimes referred to as the Boussinesq 

foundation, treats the soil as a linearly elastic, isotropic, homogenous solid that extends 

semi-infinitely. It is considered to be a more realistic model of subgrade behavior than 

the dense liquid model because it takes into account the effects of shear transmission of 

stresses to adjacent support elements (see idealization in figure 2.8). Consequently, the 

distribution of displacements are continuous; i.e., the deflection of a point in the subgrade 

occurs not just as a result of the stress acting at that particular point, but is influenced to a 

progressively decreasing extent by stresses at points further away (Ioannides, 1984). 

Due to its mathematical complexity, however, this foundation model has been 

less attractive than the dense liquid foundation model. Unlike the dense liquid foundation 

model, where the governing equations are of a differential form, the elastic foundation 

model requires the solution of integral or integro-differential equations (Ioannides, 1984). 

Analytical solutions are presented in the literature for work done by Hogg (1938), Holl 

(1938) and Losberg (1960). 

The continuous nature of the displacement function in the elastic solid model also 

contributes to its diminished versatility. This model cannot accurately simulate pavement 

behavior at discontinuities in the structure, especially for slabs on natural soil subgrades. 

This suggests the model’s unsuitability for predicting slab responses at edges, corners, 

cracks or joints with no physical load transfer. For example, if a load were placed close to 

a joint with no load transfer, the unloaded side would deflect while the unloaded side 

would not deflect. The dense liquid model would predict this behavior, however the 

elastic solid model would predict equal deflections on both sides of the joint. Responses 
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at such locations in the slab are considered critical for design purposes, and hence the 

elastic solid model is considered less appropriate in these applications than the dense 

liquid model (Darter et al, 1994). 

2.2.2.3 Two-Parameter Foundation Models 

The dense liquid and elastic solid foundation models may be considered as two 

extreme idealizations of actual soil behavior. The dense liquid model assumes complete 

discontinuity in the subgrade and is better suited for soils with relatively low shear 

strengths (e.g. natural subgrade soils). In contrast, the elastic solid model emulates a 

perfectly continuous medium and is better suited for soils with high shear strengths (e.g., 

treated bases). The elastic response of a real soil subgrade lies somewhere between these 

two extreme foundation models. In real soils, the displacement distribution is not 

continuous, neither is it fully discontinuous; the deflection under a load can occur beyond 

the edge of the slab and it goes to zero at some near finite distance (figure 2.8). 

In an attempt to bridge the gap between the dense liquid and elastic solid 

foundation models, researchers have moved towards defining a second parameter –in 

addition to the k-value – to represent shear transmission. One approach to developing a 

second parameter is to provide additional terms that relates the surface vertical deflection 

to the subgrade reaction at any point (Ioannides, 1984). An example of this approach is 

N 

q(x) = αnwn (2.10) 
n=0 

where, 
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αn - characterization parameters; 

wn  - displacement variable 

Another approach introduces mechanical interaction between individual spring 

elements in the dense liquid foundation. Yet another approach starts with the elastic solid 

model and imposes constraints or simplifications on the displacement distribution in the 

foundation. This approach to developing two-parameter models was used by Filonenko-

Borodich (1940, 1945), Hetenyi (1950), Pasternak (1954) and Kerr (1964). 

A major problem in applying these models however, has been the lack of 

guidance in selecting characteristic parameters, which have limited or no physical 

meaning (Ioannides, 1984). Vlasov and Leont`ev used a variational approach to this 

problem. Brief overviews of some two-parameter models are given below. 

2.2.2.3.1 Filonenko – Borodich Foundation Model 

The Filonenko-Borodich (1940) foundation model is perhaps one of the earliest 

two-parameter models. In addition to the vertical springs used to simulate the dense 

liquid foundation model, this foundation model includes a stretched elastic membrane 

that connects to the top of the springs and is subjected to a constant tension field T. The 

tension membrane allows for interaction between adjacent spring elements. The relation 

between the subgrade surface stress field q(x,y) and the corresponding deflection is 

defined by 

q(x, y) = kw − T∇ 2 w  (2.11) 
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where ∇2  is the Laplace operator in the x and y directions. A schematic of the 

Filonenko-Borodich model is given in figure 2.9. 

k 

T 

Tension Membrane 

Figure 2.9. The Filonenko-Borodich foundation model 

2.2.2.3.2 Pasternak Foundation Model 

Pasternak (1954) allowed the transmission of shear stresses in the dense liquid 

foundation by inserting a thin shear layer between the spring elements and the bottom of 

the slab. On a microscopic level, the shear layer consisted of incompressible vertical 

elements that deform only in response to transverse shear stresses. In addition to the 

modulus of subgrade reaction (k-value), this model includes a shear characteristic 

parameter (G). Pasternak defined the relationship between subgrade reaction and 

deflection as 

q = kw − G∇ 2 w  (2.12) 

A schematic of the Pasternak model is given in figure 2.10. 
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k 

Shear Layer (G) 

Figure 2.10. The Pasternak foundation model 

2.2.2.3.3 Vlasov and Leont`ev 

Vlasov and Leont`ev (1966) introduced a different approach to the problem of 

simulating the foundation of a pavement structure. The system was modeled as a plate 

supported by an elastic solid layer of thickness H, and subject to a vertical pressure 

p(x,y), as illustrated in figure 2.11. Horizontal displacements (u, v) are assumed to be 

negligible in comparison with the vertical (w) displacement because there is no horizontal 

loading. Unknown displacements of a point in the layer is determined through a 

summation of the form: 

n 

w(x, y, z) =  wk (x, y)ψ k (z)  (2.13) 
k =1 

In this summation, wk(x,y) are unknown generalized displacement functions. 

These functions are calculated for a given section (i.e., z = constant) to determine the 

magnitude of the vertical displacement w(x,y) in this section. They have dimensions of 

length. On the other hand, ψk are known functions that satisfy the boundary conditions, 
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i.e., for z = 0 and z = H. These functions represent the distribution of displacements with 

depth and are dimensionless. 

After simplifying the problem to its two-dimensional case and applying the 

principle of virtual displacements, Vlasov and Leont`ev formulated the relationship 

between the subgrade reaction and deflection as 

G∇2 w − kw + q = 0  (2.14) 

where k and G characterize the compressive and shear strain in the foundation, 

respectively.  The form of this equation is essentially identical to those applying to other 

two-parameter foundation models. 

Figure 2.11. Medium-thick plate on Vlasov foundation (Ioannides, 1984, pp. 19) 
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2.3 Analysis of Rigid Pavements – Analytical Methods 

2.3.1 Goldbeck “Corner Formula” 

The first attempt at a rational approach to rigid pavement design and analysis was 

recorded in literature by Goldbeck (1919), when the “corner formula” for stresses in 

concrete slab was proposed. This formula was based on the assumption that under a 

concentrated load, the slab corner acts as a cantilever beam of variable width, receiving 

no support from the subgrade between the corner and the point of maximum moment in 

the slab. The tensile stress on top of the slab may be computed as: 

σ c = 3P (2.15)
h2 

in which σc is the stress due to the corner loading, P is the concentrated load, and h is the 

thickness of the slab. 

Although the observations in the first road test (Older, 1924) with rigid 

pavements seemed to be in agreement with the predictions of this formula, its use 

remained very limited. 

2.3.2 Westergaard Closed-form Solution 

Westergaard (1926) proposed the first complete theory of structural behavior of 

rigid pavements. An extension of Hertz(1884) solution for stresses in a floating slab, 

Westergaard modeled the pavement structure as a homogenous, isotropic, elastic, thin 

slab resting on a Winkler (dense liquid) foundation, and developed equations for 
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computing critical stresses and deflections for loads placed at the edge, corner and 

interior of the slab. 

Westergaard made several simplifying assumptions in his analysis. Some of the 

prominent ones are: 

1. 	 Single semi-infinitely large, homogenous, isotropic elastic slab with no 

discontinuities; 

2. 	 The foundation acts like a bed of springs under the slab (dense liquid 

foundation model); 

3. Full contact between the slab and foundation; 

4. All forces act normal to the surface (shear and frictional forces are negligible); 

5. A semi-infinite foundation (no rigid bottom); 

6. Slab is of uniform thickness, and the neutral axis is at mid-depth; and, 

7. 	 Temperature gradients are linearly distributed through the thickness of the 

slab. 
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In spite of limitations associated with the simplifying assumptions, Westergaard’s 

equations are still widely used for computing stresses in pavements and validating models 

developed using different techniques. 

Westergaard’s original equations (first published in Denmark in 1923) have been 

modified several times by different authors, partly to bring them into better agreement 

with elastic theory, and also to get a closer fit to experimental data (Ullidtz, 1987). 

Ioannides et al (1985) performed a thorough study on Westergaard’s original equations 

and the modified formulas. They also compared the results with the ILLI-SLAB finite 

element program and as a result were able to establish the validity of Westergaard’s 

equations and the slab size requirements. This comparison led to the development of new 

equations for the corner loading case. 

Extensive investigations on the structural behavior of concrete pavement slabs 

performed at Iowa State Engineering Experiment Station (Spangler, 1942) and at the 

Arlington Experimental Farm (Teller and Sutherland, 1943) showed basically good 

agreement between observed stresses and those computed by Westergaard theory, as long 

as the slab remained in full contact with the foundation. Proper selection of the modulus 

of subgrade reaction was found to be essential for good agreement. 

Westergaard’s equations are applicable only to a very large slab with a single-

wheel load applied near the corner, in the interior and at the edge. The formulas are 

provided below (Huang, 1993). 
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2.3.2.1 Interior Loading 

Westergaard defines interior loading as the case when the load is at a 

“considerable distance from the edge”. For this case the maximum bending stress at the 

bottom of the slab due circular loaded area of radius a is given by: 

BSI = 3P(1 + µ) ⋅  ln  + 0.6159  
2πh2  b  (2.16) 

where, 

P  = load (single wheel, uniformly distributed) 

h  = slab thickness 

E  = elastic modulus of concrete 

µ  = Poisson’s ratio of concrete 

k  = modulus of subgrade reaction. 

 = ([ 1 12
4 

2 

3 

k 
Eh

µ− ) ] is the radius of relative stiffness 

b = h a 6.1 2 2 + − 0.675h if a < 1.742h 

b = a if a > 1.724h 

The deflection equation due to interior loading (Westergaard, 1939) is given by: 

DEFI = P 
2 1+ 1  ln  a 

 − 0.673  a  
2 

 (2.17)
8k   2π  2       
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2.3.2.2 Corner Loading 

Using a method of successive approximation, Westergaard proposed the 

following formulas for computing the maximum bending stress and deflection, 

respectively, when the slab is subjected to corner loading: 

0.6   
BSC = 

 

 
 − 2 1 3 a P  (2.18 ) 

h 2 

     

 
DEFC = 

 
 
 − 2 88.01.1 a P 

k 2 
   

 (2.19 ) 

Westergaard found that the maximum moment occurs at a distance of 2.38  a from  the 

corner. 

Ioannides et al (1985) evaluated Westergaard’s equations using the FEM 

pavement analysis program ILLI-SLAB and suggested these equations for the maximum 

bending stress and deflection due to corner loading: 

0.72  
BSC = 3P 1 −  

c 
  (2.20)

h2 
    

P  DEFC = 
k  2 1.205 − 0.69  

c 
  (2.21) 

 

where c is the side length of a square contact area. The maximum moment now occurs at 

a distance 1.80c 0.32 0.59  from the corner. 
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2.3.2.3 Edge Loading 

Westergaard defined edge loading as the case when “the wheel is at the edge of 

the slab, but at a considerable distance from any corner”. Two possible scenarios exist 

for this loading case: (1) a circular load with its center placed a radius length from the 

edge, and (2) a semi-circular load with its straight edge in line with the slab. The 

following equations reflect modifications made to the original equations by Ioannides et 

al (1985). For the case a circular loading, the maximum bending stress and deflection are 

computed as, 

BSE = 3(1 + v)P  
ln  

Eh3  
+ 1.84 − 4v + 1 − v + 1.18(1 + 2v)a  (2.22) 

circle π (3 + v)h 2 
 100ka 4  3 2   

DEFE = + 

k Eh
vP 2.12 

3 

 1 − (0.76 + 0.4v)a  (2.23)
circle    

The maximum bending stress and deflection for a semi-circular loading at the edge is, 

BSE = 3(1 + v)P  
ln  

Eh3  
+ 3.84 − 4v + (1 + 2v)a 

 (2.24) 
semi−circle π (3 + v)h2 

 100ka 4  3 2   

DEFE = + 

k Eh
vP 2.12 

3 

 1 − (0.323 + 0.17v)a  
circle    
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DEFE =  + 

k Eh
vP2.12 

3 

 1 − (0.323 + 
 

0.17v)a  (2.25) 
 

Due to simplifications associated with the assumptions stated above, several 

limitations exist in the Westergaard theory. Some of these limitations are: 

1. 	 Stresses and deflections can be calculated only for interior, edge and corner 

loading conditions; 

2. 	 Shear and frictional forces on the slab surface are ignored, but may not be 

negligible; 

3. 	 The Winkler foundation extends only to the edge of the slab, but in reality, 

additional support is provided by the surrounding subbase and subgrade; 

4. 	 The theory does not account for unsupported areas of the slab that results from 

voids or discontinuities; 

5. Multiple wheel loads cannot be considered; and, 

6. 	 Load transfer between joints or cracks is not considered when calculating the 

stresses or deflections. 
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2.4 Analysis of Rigid Pavements – Numerical Methods 

It has been virtually impossible to obtain analytical (closed-form) solutions for 

many pavement structures because of complexities associated with geometry, boundary 

conditions, and material properties. Simplifying assumptions have been employed where 

necessary, but often times they result in gross modifications of the characteristics of the 

problem. Since existing analytical solutions are based an infinitely large slab with no 

discontinuities, they cannot in principle be applied to analysis of jointed or cracked slabs 

of finite dimensions, with or without load transfer systems at the joints and cracks 

(Ioannides, 1984). 

The evolution of high-speed computers has facilitated difficulties that govern the 

limitations of analytical solutions. The sections that follow are intended to provide a 

brief background on some of the most commonly used numerical techniques for 

analyzing rigid pavement structures. 

2.4.1 The Finite Element Method (FEM) 

The finite-element method is by far the most universally applied numerical 

technique for concrete pavements and will be the primary technique employed in this 

study. It provides a modeling alternative that is well suited for applications involving 

systems with irregular geometry, unusual boundary conditions or non-homogenous 

composition. 

In theory, the FEM conditions that the slab system can be analyzed as an 

assemblage of discrete bodies referred to as finite elements, and approximate solutions of 

governing partial differential equations are developed to describe the response at specific 
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locations on each body – called nodes or nodal points. Complete system responses are 

computed by assembling individual element responses, meanwhile satisfying continuity 

at the interconnected boundaries of each element. 

There are numerous approaches to applying the FEM to various problems, 

however, the overall solution is recursive. The sub-sections that follow briefly describe 

the standard procedure for modeling any system using FEM, as summarized by Chapra et 

al (1988). 

2.4.1.1 Discretization 

Discretization is defined as the division of the analysis domain into subdivisions 

or discrete bodies called finite elements. Elements may be characterized using one-, two-

or three-dimensional components, depending on the problem to be analyzed, and they are 

not required to be symmetrical or identical in shape. Elements are allowed to interact at 

adjoining points (nodes). 

2.4.1.2 Element Equations 

Functions (referred to as shape functions) are developed to approximate the 

distribution or variation of displacement at each nodal point.  A variational principle such 

as the Principle of Virtual Work is applied the system to establish relationships between 

generalized forces {p} that are applied to any nodal point, and the corresponding 

generalized displacement {d} of the node. This element force-displacement relationship 

is expressed in the form of element stiffness matrices [k], each of which incorporates the 

material and geometrical properties of the element (Ioannides, 1984). The relationship is, 
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[k] {d} =  {p}  (2.26) 

After the individual element equations are established, they must be linked 

together to preserve the continuity of the domain. The overall structural stiffness matrix, 

[K] is then formulated or assembled as the individual stiffness matrices are superimposed 

by the element connectivity properties of the structure. This stiffness matrix is usually 

referred to as the global stiffness matrix and it is used to solve a set of simultaneous 

equations of the form (Ioannides, 1984): 

[K] {D} =  {P}  (2.27) 

where, 

{P}  = applied nodal forces for entire system 

{D}  = corresponding nodal displacement for entire system. 

2.4.1.3 Solution 

Before the simultaneous equations can be solved, the boundary conditions of the 

system must be defined in the matrices. The resulting system of equations is then solved 

via various solution schemes – generally numerical methods. Gaussian elimination or 

matrix inversion are techniques that are often relied upon for this process (Chapra et al, 

1988). 
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Several finite-element programs have been implemented in the design and 

analysis of concrete pavements. These programs provide powerful analysis tools capable 

of predicting stresses and deflections for a variety of loading and environmental 

conditions, as well as for different geometrical features of the structure. Some of the 

more popular programs are ILLI-SLAB, WESLAYER, J-SLAB, RISC, KENSLABS, 

DYNA-SLAB, and EVERFE. 

2.4.2 The Finite Difference Method (FDM) 

Although it is a general consensus that the FEM has overwhelming advantages 

over the FDM when applied to the analysis of pavement structures, the latter may be 

more suitable or convenient to use in some cases. Since solutions to this class of 

problems (i.e., slab-on-grade) require a wealth of computer memory, and the FDM to 

known to utilize a smaller amount of memory than the FEM, it is likely that the FDM 

technique may be particularly useful in problems requiring large computer effort 

(Ioannides, 1984). 

The FDM in its application to the slabs-on-grade problem replaces the governing 

differential equation and the boundary conditions by the corresponding finite difference 

equations. These equations describe the variation of the primary variable (i.e., deflection) 

over a small but finite spatial increment. Table 2.1 presents the finite difference 

equations for the derivative of a function u(x,y) using central-difference approximations 

(Ioannides, 1984). 

The most important criterion that governs the adequacy of the finite difference 

approximation is refinement of the finite difference grid. Southwell (1946), Allen (1954) 
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and Allen et al (1965) provide pertinent discussions on the accuracy of finite difference 

solutions. 

Table 2.1. Finite Difference Expressions 

uij = uij 

∂u
 

∂x ij 
= 

2
1 
h 

(ui+1, j − ui−1, j )
 
∂ 2 u
 = 1

2 (ui+1, j − 2uij + ui−1, j )
 ∂x 2 
ij h 

∂ 3u
 = 1 
h3 (ui+2, j − 2ui+1, j + 2ui−1, j − ui−2, j )
 ∂x 3 

ij 2 
∂ 4 u
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(ui+1, j +1 − 2ui, j−1 + ui−1, j +1 − ui+1, j −1 + 2ui, j −1 − ui−1, j −1 ) 

∂x 
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2
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∂ 
u
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ij 
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h 2

1 
k 2 (ui+1, j +1 − 2ui+1, j + ui+1, j +1 − 2ui , j +1 + 4ui, j − 2ui, j −1 + ui−1, j +1 − 2ui−1, j + ui−1, j−1 ) 

where, 

h  = size of finite step in x-direction 

k = size of finite step in y-direction 
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2.4.3 Numerical Integration Techniques 

A third category of computerized numerical techniques includes solutions 

involving integrals of Bessel, elliptical or other functions over infinite and finite ranges. 

This approach is conceptually different from the methods discussed previously. In the 

FEM and the FDM, the numerical procedure begins with the governing differential 

equations and is thus an essential part of the final solution. On the other hand, numerical 

integration techniques are a choice of how to evaluate the integrals to derive an 

expression after considerable manipulation of the governing differential equations and the 

boundary conditions (Ioannides, 1984). 

2.4.4 Three-Dimensional Models 

The problem of a slab of finite dimensions on grade involves processes that take 

place in three dimensions. Therefore it is sometimes ideal to represent the response of 

the slab and subgrade to external and internal stress agents with a three-dimensional 

model for accurate simulation. There are however, several advantages in simulating the 

three-dimensional processes using two-dimensional idealizations. 

In the FEM, the difference in cost between a three-dimensional and two-

dimensional simulation of the same mesh fineness can be immensely large, depending on 

the size of the problem. However, advances in the computer industry has eased the 

frustrations associated with not having enough computer memory, and has also provided 

speed capabilities that has rendered concerns about cost minimal. Although the use of 

two-dimensional models remains dominant in design and analysis of pavement structures, 
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it is not at all uncommon for engineering design groups to perform analyses using three-

dimensional models. 

With respects to compatibility, Sevadurai (1979) notes that close agreement 

between a two dimensional analysis using plate theory and a more elaborate may be 

expected for plates with sufficiently small thicknesses. Morgenstern (1959) has shown 

that the stresses and strains obtained from a plate theory solution converge to a solution 

of three-dimensional elasticity as the plate thickness approaches zero. 

Nonetheless, analyses involving three-dimensional models are preferred, not only 

in investigations of those aspects that cannot be handled by a two-dimensional model, but 

also in providing helpful insight for improvement and better interpretation of results from 

two-dimensional analyses. Thus it may be preferable to conduct a two-dimensional 

analysis and then used these results to supplement a three-dimensional analysis of the 

problem. For example, results from the two-dimensional analysis may be used as natural 

boundary conditions for segments to be analyzed using three-dimensional analysis 

(Ioannides, 1984). 

This study in part employs the capabilities of two three-dimensional pavement 

analysis program, EverFE1.02 (developed at the University of Washington). 
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2.5 Rigid Pavement Analysis Models 

2.5.1 ILLI-SLAB 

The two-dimensional finite element program ILLI-SLAB was originally 

developed at the University of Illinois in 1977 for structural analysis of one- or two-layer 

concrete pavements, with or without mechanical load transfer systems at joints and 

cracks (Tabatabaie, 1977). The original ILLI-SLAB model is based on the theory of a 

medium-thick plate on a Winkler (dense liquid) foundation, and has the capability of 

evaluating structural response of a concrete pavement system with joints and/or cracks. It 

employs the 4-noded, 12-dof plate bending element (ACM or RPM 12) (Zienkiewicz, 

1977). The Winkler type subgrade is modeled as a uniform, distributed subgrade through 

an equivalent mass formulation (Dawe, 1965). 

Since its development, ILLI-SLAB has been continually revised and expanded to 

incorporate a number of options for support conditions, thermal gradient modeling 

techniques, load transfer modeling techniques, material properties, and interaction 

between the layers (contact modeling). Versions of this FEM program include ILLI-

SLAB, ILSL2, and the more recent interactive ISLAB2000. 

Figure 2.12 shows the idealization of various components of the ILLI-SLAB 

model. The rectangular plate element illustrated in figure 2.12a is used to model the 

concrete slab and base layer. There are three displacement components at each node: 

vertical displacement (w) in the z-direction, rotation (θx) about the x-axis and rotation (θy) 

about the y-axis (Tabatabaie, 1977). 

In ILLI-SLAB, a dowel is simulated as bar element, as illustrated in figure 2.12b. 

There are two displacement components at each node for a dowel bar: vertical 
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displacement (w) in the z-direction, and rotation (θy) about the y-axis. A vertical spring 

element is used to model the relative deformation of the dowel bar and the surrounding 

concrete (Tabatabaie, 1977). 

Figure 2.12.  Finite element components used in development of pavement system model 
in ILLI-SLAB (Tabatabaie, 1980, pp. 4) 

Several subgrade models are available in the later versions of ILLI-SLAB. In 

addition to the Winkler subgrade model, the program includes an elastic solid foundation 

(Boussinesq model), two-parameter model (Vlasov), three-parameter model (Kerr) and 

Zhemochkin-Siitsyn-Shtaerman formulations. Despite the options, however, the Winkler 

foundation model is most often used due to its simplicity. It is also found that a Winkler 
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foundation is especially adaptable to edge and corner loading conditions which are 

generally considered to be critical for rigid pavement structures. 

2.5.1.1 Basic Assumptions 

Assumptions regarding the concrete slab, stabilized base, overlay, dowel bars, 

keyway and aggregate interlock are briefly summarized as follows (Ioannides, 1984): 

1. 	 Small deformation theory of an elastic, homogenous medium-thick plate is 

employed for the concrete slab, stabilized base and overlay. Such a plate is 

thick enough to carry transverse load by flexure, rather than in-plane force (as 

would be the case for a thin member), yet is not so thick that transverse shear 

deformation becomes important. In this theory, it is assumed that lines normal 

to the middle surface in the undeformed state remain straight, unstretched, and 

normal to the middle surface of the deformed plate. Each lamina parallel to 

the middle surface is in a state of plane stress, and no axial or in-plane shear 

stress develops due to loading. 

2. 	 In the case of a bonded stabilized base or overlay, full strain compatibility is 

assumed at the interface.  For the unbonded case, shear stresses at the 

interface are neglected. 

3. 	 Dowel bars at joints are linearly elastic, and are located at the neutral axis of 

the slab. 
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4. 	 When aggregate interlock or a keyway is specified for load transfer, load is 

transferred from one slab to an adjacent slab by shear. However, with dowel 

bars some moment as well as shear may be transferred across the joints. 

2.5.1.2 Capabilities 

Various types of load transfer systems, such as dowel bars, aggregate interlock or 

a combination of these can be considered at the slab joints and cracks. The model can 

also accommodate the effect of another layer such as a stabilized base or an overlay, 

either with perfect bonding or no bond. Thus ILLI-SLAB provides several options that 

can be used in analyzing the following design and rehabilitation problems (Ioannides, 

1984): 

1. 	 Multiple wheel and axle loads in any configuration, located anywhere on the 

slab; 

2. 	 A combination of slab arrangements such as multiple traffic lanes, traffic 

lanes and shoulders, or a series of transverse cracks such as in continuously 

reinforced concrete pavements; 

3. 	 Jointed concrete pavements with longitudinal and transverse cracks with 

various load transfer systems; 
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4. 	 Variable subgrade support, including complete loss of support over any 

specified portion of the slab; 

5. Concrete shoulders with or without tie bars; 

6. 	 Pavement slabs with a stabilized or lean concrete base, or asphalt or concrete 

overlay, assuming either perfect bonding or no bond between the two layers; 

7. 	 Concrete slabs of varying thicknesses and moduli of elasticity, and subgrades 

with vary moduli of support; 

8. A linear or nonlinear temperature gradient in uniformly thick slabs; and, 

9. 	 Partial contact of the slab with the subgrade with or without using an iterative 

scheme. 

2.5.1.3 Input and Output 

The program input includes (Ioannides, 1984): 

1. Geometry of the slab or slabs and mesh configuration; 

2. Load transfer system at the joints and cracks; 
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3. 	 Elastic properties, density and thickness of concrete, stabilized base or 

overlay; 

4. Subgrade type and properties; 

5. Applied loads, tire pressure, etc; 

6. 	 Difference between top and bottom of slab and distribution of temperature 

throughout slab if nonlinear analysis is desired; and, 

7. 	 Initial subgrade contact conditions and amount of gap at each node (if this 

analysis is desired). 

The output produced by ILLI-SLAB includes (Ioannides, 1984): 

1. Nodal deflections and rotations; 

2. Nodal vertical reaction at the subgrade surface; 

3. 	 Nodal stresses in the slab and stabilized base or overlay at the top and bottom 

of each layer; 

4. Reactions on the dowel bars (if dowels are specified); 
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5. 	 Shear stresses at the joints for aggregate interlock and keyed joint systems; 

and, 

6. Summary of maximum deflections and stresses and their location. 

The ILLI-SLAB model has been extensively verified by comparison with the 

available theoretical solutions and the results from experimental studies (Tabatabaie et al, 

1980; Ioannides, 1984). 

2.5.2 EVERFE 

EVERFE is a Windows-based three-dimensional (3D) rigid pavement analysis 

tool, developed at the University of Washington in an attempt to make 3D finite element 

(FE) pavement analysis more accessible to users in a broad range of settings. EVERFE 

allows for simple and practical investigations of various factors (dowel locations, gaps 

around dowels, temperature effects, etc.) on the response of pavement structures, and 

parametric studies to evaluate different design and retrofit strategies. The program 

incorporates graphical pre- and post-processing capabilities tuned to the needs of rigid 

pavement modeling and allowing transparent finite element model generation, innovative 

computational techniques for modeling joint transfer, and efficient multi-grid solution 

strategies (Davids et al, 1997). These features permit realistic models with complex 

geometry to be generated in a matter of minutes, and solutions to be obtained on desktop 

personal computers in a reasonable amount of time. 
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EVERFE allows the user to specify all the parameters of the problem 

interactively, with immediate visual feedback. Its intuitive graphical user interface (GUI) 

allows for easy and efficient entry of these parameters, and allows users to easily test 

different designs, perform parametric studies, and analyze as-built configuration. The 

general method for running EVERFE may be summarized as follows: 

1. 	 Specify problem parameters – geometry (including dimensions), material 

properties, and loads; 

2. 	 Specify degree of mesh refinement (coarse, medium, or fine) and run the 

solver; and, 

3. View the results (deformations and stresses) graphically and/or numerically. 

The basic assumptions, capabilities, input and output features will be summarized in the 

following sub-sections (Davids, 1997). 

2.5.2.1 Specification of Slab and Foundation Model 

EVERFE permits the modeling of one or multiple slabs with transverse joints at 

any orientation. Elastic base layers below the slab may be explicitly modeled, and the 

foundation below the elastic base layers is treated as a dense liquid foundation. Extended 

shoulder may also be modeled. Immediate visual feedback is provided to the user as 

parameters and dimensions are changed. 
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In its current version, EVERFE assumes that the slab and foundation are linearly 

elastic. The foundation may be specified to no tension, a useful feature if no base layers 

are considered and the effect of slab lift-off is of interest. 

2.5.2.2 Doweled Joints 

EVERFE allows the user to quickly specify dowels placed in common patterns, 

such as equally spaced along transverse joints or located only with in the wheelpaths. 

Dowel bars are represented in the model as an embedded quadratic beam element; a 

model developed by Davids (1997). This allows the dowel to be meshed independently 

of the slab – a limitation on slab mesh development in previous models where dowels 

(beam elements) were meshed explicitly with slab elements. The dowel model is 

illustrated in figure 2.13 and example of the details is shown in figure 2.14. 

All dowels are assumed to be located at mid-thickness of the slab and may be 

specified as bonded or unbonded. In addition, dowel looseness may be modeled by 

specifying a gap between the dowels and the slab. The gap is assumed to vary linearly 

from maximum value at the face of the joint to zero at a specified distance along the 

embedded portions of the dowel. Any other aspects of dowel location and embedment 

are user-controlled with immediate visual feedback in the plan and elevation views of the 

system. 
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Figure 2.13. Embedded dowel element (Davids et al, 1997, pp. 12) 

Figure 2.14. Example of embedded dowel details (Davids et al, 1997, pp. 13) 
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2.5.2.3 Aggregate Interlock 

EVERFE permits the traditional linear aggregate interlock model, which is 

simulated as a 16-noded, “zero thickness”, quadratic interface element meshed between 

two quadratic hexahedral elements. The elements are characterized by a stiffness value 

analogous to the k-value in the Winkler foundation assumption. 

While this approach is computationally convenient, it does not allow for complex 

mechanism of aggregate interlock shear transfer to be accurately modeled. Furthermore, 

like the Winkler model, it is difficult to rationally select an appropriate spring stiffness. 

In EVERFE, a more complex model for aggregate interlock shear transfer that 

uses a method originally developed by Walvaren (1981, 1994) can be specified. The 

model fundamentally allows detailed constitutive relations for shear transfer along the 

aggregate interface to be incorporated into the finite element model. Figure 2.15 

illustrates the essence of the model. Stresses are related by assumptions that the contact 

areas are about to slip, and thus: 

τ pu = µσ pu  (2.28) 

in which τpu is the shear strength of the cement paste, σpu is the normal strength of the 

cement paste, and µ is coefficient of friction between the paste and aggregate. 
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Figure 2.15. Distribution of aggregate and stresses on spherical particle (Davids et al, 
1997, pp 16). 

2.5.2.4 Contact Modeling 

Modeling the loss of contact between a slab and an unbonded base layer is critical 

when considering temperature-induced curling. EVERFE permits the user to model slab 

lift-off and joint contact using a nodal contact approach (figure 2.16). The slab and the 

base layer are meshed separately but in such a way that the locations of the bottom nodes 

of the slab coincide with the locations of the top nodes of the base. Stress and 

displacement conditions at each coinciding pair of slab/base nodes are monitored during 

the solution, and the nodes are appropriately constrained or released. If no base layers 

are modeled, a no-tension Winkler foundation may be specified directly below the slab to 

model the loss of contact. 
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Figure 2.16. Contact modeling in EVERFE (Davids et al, 1997, pp. 18) 

2.5.2.5 Loads 

EVERFE allows users to interactively locate, move, and specify the magnitude of 

various types of vertical loads: point loads, circular patch loads, rectangular patch loads, 

and axle loads. Any number of loads may be specified or deleted from the model. In 

addition, a linearly varying temperature gradient through the thickness of the slab can be 

specified. An example of load types is illustrated in figure 2.17. 
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Figure 2.17. Examples of load types available in EVERFE 

2.5.2.6 Meshing and Solution 

EVERFE is capable of automatically generating a mesh. It produces hexahedral 

elements for the slab and base layers, surface elements for the subgrade, and beam and 

interface elements for modeling joint shear transfer. The user specifies the level of mesh 

refinement and has control over solution techniques: may choose to optimize memory 

usage or solution time. Figure 2.18 shows a typical mesh generated by EVERFE. 
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Figure 2.18. Finite element idealization of two slab system in EVERFE (Davids et al, 
1997, pp. 8) 

2.5.2.7 Visualization of Solution 

In-plane stresses can be viewed graphically on color-maps that are generated 

during a simulation (figure 2.19). EVERFE also allows the displaced shape of the 

pavement structure to be viewed as a wireframe in three-dimensions (figure 2.20). 

Detailed numerical values of all stress and displacement components may be retrieved for 

any point in the system. 
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Figure 2.19. Example of the color map output using EVERFE (stress intensity shown). 

Figure 2.20. Example of a deflected slab in EVERFE. 
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III. FIELD STUDY AT MINNESOTA ROAD RESEARCH PROJECT 

3.1 General Information 

The Minnesota Road Research Project (Mn/ROAD) is a densely instrumented pavement 

test facility constructed along Interstate 94 (I-94) approximately 40 miles (64 km) northwest of 

Minneapolis-St. Paul. The facility consists of fourteen concrete pavement sections containing 

several types of sensors that can be used to determine the response of the pavement to varying 

levels of vehicle loads and configurations. Overall, the Mn/ROAD research objectives include 

the evaluation factors affecting pavement response and performance, verification of empirical 

models, development of new mechanistic-empirical design models, and evaluation of 

instrumentation (Forst, 1998). 

3.2 Test Cells Description and Selection 

Mn/ROAD has 40 test cells, each approximately 152 m (500 feet) long and are surfaced 

with different thicknesses of portland cement concrete (PCC), asphalt cement concrete (AC) and 

aggregate. These cells, which were constructed to duplicate a broad range of pavement design 

variables, are distributed over two roadway segments (i.e., mainline section and the low volume 

road) with varying combinations of surface, base, subbase, subgrade, drainage and compaction. 

The fourteen test cells comprising the 5-year mainline, 10-year mainline and low volume 

road (LVR) concrete test sections at Mn/ROAD have different combinations of slab thickness, 

lane width, joint spacing, and subbase types. Subbase layers consist of the Minnesota 

Department of Transportation (MnDOT) designated gradation types – Class 3 Special (cl3sp), 

Class 4 Special (cl4sp) and Class 5 Special (cl5sp) granular materials – and permeable asphalt 
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stabilized bases (PASB). Table 3.1 presents the aggregate gradation specifications for the 

subbase materials. Key test cell design features are summarized in table 3.2. 

Table 3.1. Aggregate Gradations (% Passing) for Mn/ROAD Base Materials. 

Base Material 

Sieve Size cl3sp cl4sp cl5sp PASB 

37.5 mm 100 

31.5 mm 100 

25.0 mm 95-100 100 95-100 

19.0 mm 90-100 90-100 85-98 

12.5 mm 100 

9.50 mm 95-100 80-95 70-85 50-80 

4.75 mm 85-100 70-85 55-70 20-50 

2.00 mm 65-90 55-70 35-55 0-20 

0.850 mm 0-8 

0.425 mm 30-50 15-30 15-30 0-5 

0.075 mm 8-15 5-10 3-8 0-3 

Special crushing requirements (sp): 
cl3sp and cl4sp: crushed/fractured particles are not allowed 
cl5sp: 10-15 percent crushed/fractured particles are required. 
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Table 3.2. Summary of Concrete Test Cell Design Features at Mn/ROAD. 

Test 
Section 

Cell 
Thickness 

(mm) 

Joint 
Spacing 

(m) 

Lane Widths, 
Inside/Outside 

(m) 

Dowel 
Diameter 

(mm) 

Subbase Type 
(mm) 

Edge 
Drains 

Comments 

5-Year 190 6.1 4.0/4.3 25 cl4sp (75) over 
cl3sp (680) 

No 

5-Year 190 4.6 4.0/4.3 25 cl4sp (125) No 
5-Year 190 6.1 4.0/4.3 25 PASB (100) 

over cl4sp (75) 
Yes 

5-Year 190 4.6 4.0/4.0/4.3 25 PASB (100) 
over cl4sp (75) 

Yes lanes, 
transverse steel 

5-Year 190 4.6 4.0/4.0/4.3 25 PASB (100) 
over cl4sp (75) 

Yes lanes, no 
transverse steel 

10-Year 240 6.1 3.7/3.7 32 PASB (100) 
over cl4sp (75) 

Yes 

10-Year 240 7.3 3.7/3.7 32 cl5sp (125) No 
10-Year 240 4.6 3.7/3.7 32 cl5sp (125) Yes 
10-Year 240 6.1 3.7/3.7 38 cl5sp (125) No 

LVR 150 4.6 3.7/3.7 25 cl5sp (125) Yes 

LVR 150 3.6 3.7/3.7 N/A cl5sp (300) Yes 
LVR 150 4.6 3.7/3.7 25 cl5sp (125) No 
LVR 150 6.1 3.7/3.7 25 cl5sp (125) No 
LVR 180/140/ 

180 
4.6 7/3.7 N/A cl5sp (125) No Thickened 

Edge 

Slab 

5 

6 
7 

8 3 

9 3 

10 

11 
12 
13 

36 

37 
38 
39 
40 3.

Selection of test cells to be included in this study is based primarily on the location of 

embedded sensors (mainly embedment strain gages) within each cell and sensor availability (i.e., 

sensors that were functioning properly after several years of service). The sensor types of 

primary interest are the CD and CE embedment strain gages that are used to measure load-

induced strains in the concrete pavements. Prior to the implementation of the test, these sensors 

were tested for their functional status and were retrofitted accordingly. A full description of 

these sensors is provided in section 3.3.1. 
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Eight of the fourteen concrete sections were included in this study to account for many of 

the different design parameters that affect the structural response of concrete pavements. A 

cross-section of each cell at Mn/ROAD is given in Appendix A. 

3.3 Instrumentation at Mn/ROAD 

The primary responses that are analyzed in existing structural models of concrete 

pavements are strains, stresses and deflections at various locations in the pavement. Mn/ROAD 

concrete test cells are instrumented with a variety of sensors to monitor the effects of load as 

well as environmental changes. The following discussion describes the instrumentation present 

in rigid pavement cells at Mn/ROAD and their usefulness to this study. Only the sensors related 

to the scope of this study are described. 

3.3.1 Embedment Strain Gages 

Embedment strain gages are intended to provide information about pavement response to 

dynamic and static loading and thus provide a means to determine the stress distribution through 

the pavement structure. The strain gages are installed in the outside wheel path, the edges and 

the middle of the concrete slabs. They are located at approximately 2.5 cm (1.0 in) from the top 

and bottom of the slabs. 

Two types of strain gages are used: Dynatest PAST-II PCC gages (CD) and Tokyo Sokki 

PML-60 gages (CE). CD strain gages consists of electrical resistance strain gages embedded 

within a strip of glass-fiber reinforced epoxy, with transverse steel anchors at each end of the 

strip to form an H-shape. CE strain gages consists of standard wire gages, hermetically sealed 

between thin resin plates and is coated with coarse grit to bond the gage to the concrete. 
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Twenty-two CE strain gages are placed at eleven locations in a single panel, with the 

corner, edge and mid-panel sensors located as shown in figure 3.1. Sixteen CD strain gages are 

placed at eight locations in a single panel, with the corner, edge and mid-panel sensors located as 

shown in figure 3.2. 

Edge 

IW P 

M iddle 

CL 

Traffic 

OWP 

Plan View 

CL 

Shoulder 

Subgrade 

Profile View 

= CE Strain Gage 
OWP = Outer  Wheel Path 
IWP =  Inner  Wheel Path 
CL  = Centerline 

Figure 3.1. Typical Layout of CE Strain Gages in the Rigid Pavements at Mn/ROAD. 
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Traffic 

Plan View 

CL 

Shoulder 

Subgrade 

Profile View 

= CD Strain Gage 
OWP = Outer Wheel Path 
IWP = Inner Wheel Path 
CL = Centerline 

Figure 3.2. Typical Layout of CD Strain Gages in the Rigid Pavements at Mn/ROAD 

3.3.2 Linear Variable Differential Transformers 

Some of the rigid pavement sections are instrumented with Schaevitz HCD-500 DT linear 

variable differential transformers (LVDTs). LVDT reference posts are anchored deep within the 

subgrade to provide a consistent plane for measuring pavement displacements. LVDTs are 

located in sets of four throughout the test sections (two pairs, typically 300 mm on each side of 

transverse joints). These pairs are located across joints in the inside wheel path (1 m from the 

pavement centerline), center of the lane (2 m from the pavement centerline), or in the outside 

wheel path (3 m from the pavement centerline). The three possible LVDT layout combinations 

are illustrated in figure 3.3. 
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•Not to scale. 
Linear Variable Differential Transformer (LVDT) 
Located in the wheelpaths and slab center on each side of the transverse joints. 

Figure 3.3. Three LVDT Layout Combinations at Mn/ROAD. 

LVDTs are used to measure the deflection at the pavement surface and the ability to 

transfer load from one slab to another (i.e., load transfer efficiency). The load transfer efficiency 

is of crucial importance in concrete pavements. Many failures are caused by the inability of 

pavements to transfer the load across joints through aggregate interlock and/or dowel bars. 

Load transfer is measured by monitoring the variation of deflection between the loaded 

and unloaded side of the joints. The joint efficiency (J.E.) measures the load transfer capability 

of the joint and is expressed as: 

duJ .E. = 
dl 

⋅100  (3.1) 

where 

du : deflection at the joint or crack of the unloaded side 

dl : deflection at the joint or crack of the loaded side 
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The deflection of the pavement due to traffic loads is indicative of its structural capacity. 

The load transfer efficiency is an overall indication of how well load transfer mechanisms, such 

as aggregate interlock, keyway, and dowel bars, reduce structural deterioration at the joint. 

. 

3.3.3 Dynamic Soil Pressure Cells 

Some of the rigid pavement cells at Mn/ROAD use dynamic soil pressure cells to 

measure the vertical stress pressure under the concrete slab and in the subgrade. The particular 

sensors used for these cells are the PG’s and PK’s. 

The PG sensor is the Geokon 3500 Dynamic Soil Pressure Cell with an Ashkroft K1 

Transducer. It is a large diameter soil stress cell consisting of two circular steel plates welded 

together around their rims to create a cell approximately 152.4 mm in diameter. The space 

between the plates is filled with liquid, which is connected to an electrical pressure transducer 

mounted several centimeters from the cell. The pressure transducer responds to changes in the 

total stress applied to the material in which the sensor is embedded. 

The PK sensor is the Kulite 0234 type sensor and has functions similar to that of the PG. 

The PK’s are small diameter soil stress cells and consist of a liquid-filled hollow steel cell 

approximately 51 mm in diameter and 12.7 mm thick, with an electrical pressure transducer 

housed in the cell. The pressure transducer responds to changes in the total stress applied to the 

material in which the sensor is embedded. 

PG pressure cells are used to measure the vertical compressive stress at 8 different 

locations in a single panel with the corner, edge and mid-panel sensors located at the bottom of 

the concrete slabs as shown in figure 3.4. One PK pressure cell is used in some concrete cells to 

monitor the reduction of vertical stress when the depth is significant (i.e., 10 to 25 cm below the 

bottom of the concrete layer) and the stresses are significantly reduced. 
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Figure 3.4. Typical Layout of PG Pressure Cells in the Rigid Pavements at Mn/ROAD. 

3.3.4 Vibrating Wire Strain Gages and Thermistors 

Vibrating wire strain gages (VWs) are used at Mn/ROAD primarily to measure 

static strains that result from curling and warping. They are embedded 25 mm from the top and 

bottom of selected slabs in the corners, centers, and midpoints of both transverse and 

longitudinal joints (see figure 3.5). These sensors consist of a taut wire that is anchored between 

two end flanges and surrounded by a protective tube. When this wire is mechanically excited, it 

vibrates at its natural frequency, changing the tension in the wire. Changes in the frequency of 

vibration can be used to determine changes in strain. 
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Thermistors are built into these gages so that the temperature of the system can be 

collected along with the strain measurements, thereby allowing temperature correction of the 

strain gage readings and direct determination of the temperature gradient in the vicinity of the 

strain measurement. 

The vibrating wire gages used at the Mn/Road test site are the Geokon 4200 Vibrating 

Wire Strain Gages, which are very sensitive to changes induced by slow deformations such as 

those caused by temperature and moisture gradients and the effects of creep and shrinkage. They 

are not suitable for measuring strains produced in response to dynamic loads. 

The strain and temperature data obtained from these sensors are used to identify periods 

during which temperature and moisture gradients are minimized so that testing can be performed 

with minimal environmental effects and variability. The data is also used to assess the effect of 

temperature/moisture gradients on the pavement structure (i.e., loss of support due to curling and 

warping of concrete pavements). Ultimately, VW data are used to account for the effects of 

environmental conditions on pavement responses during different testing periods. 
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Figure 3.5. Typical Layout of Vibrating Wire Strain Gages at Mn/ROAD. 

3.3.5 Thermocouples 

Thermocouples installed at Mn/ROAD allow for measurement of temperature throughout 

the concrete slabs. Typical thermocouples depths are presented in table 3.3. Since the 

incremental depths are typical for all test sections, the number of thermocouples present through 

the depth of a given slab varies with slab thickness. At least one set of thermocouples is present 

in each test cell. The 5-year mainline section has 7.5-in (140 mm) slabs, and the 10-year 

mainline section has 9.5-in (240 mm) slabs. Therefore, the 5-year section slabs have three 

thermocouples at any given location and the 10-year section slabs have four, as indicated by 

table 3.3. 
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Table 3.3. Typical Thermocouple Depths in Rigid Pavements at Mn/ROAD. 

Sensor Depth (mm) 

1 25 

2 75 

3 152 

4 229 

. 

The temperature data obtained from the thermocouples can be used to assess the effects 

of temperature gradients on the pavement structure (e.g., loss of support due to curling). These 

data can be used to correct the pavement responses for the effect of temperature changes between 

different testing periods and to calibrate temperature variations between seasons. 

3.3.6 Psychrometers 

Moisture gradients can be measured using PST-55-30-SF Soil Hygrometer 

Psychrometers. These sensors were installed at four or five depths at 3 locations in each cell. 

The pavement sections selected for these triplicate installations (two sets in the 5-year section 

and one set in the 10-year section) represent different foundation and drainage conditions. 

Each psychrometer installation is located 0.6 m from the edge of the slab in the outside 

lane. They are spaced with 1 m between each subsequent set of sensors, with the first set located 

1 m from the upstream transverse joint. Tables 3.4 and 3.5 contain typical moisture sensor 

depths (values are from the top of the test slabs). 
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Table 3.4. Typical soil hygrometer Psychrometer Depths for the four sensor 
layout 

5-Year Section 
(19-cm slabs): 

Cell 6 

5-Year Section 
(19-cm slabs): 

Cell 9 

10-Year Section 
(24-cm slabs): 

Cell 12 
25 mm 26 mm 27 mm 

46 mm 49 mm 50 mm 

67 mm 75 mm 76 mm 

190 mm 168 mm 229 mm 

Table 3.5. Soil Hygrometer Pyschrometer depths for five sensor layout. 

5-Year Section 
(19-cm slabs): 

Cell 6 

10-Year Section 
(24-cm slabs): 

Cell 12 
12.5 mm 12.5 mm 

25 mm 27 mm 

48 mm 49 mm 

65 mm 73 mm 

195 mm 216 mm 

The data obtained from these sensors are used to determine the variability in the 

pavement responses due to change in moisture across the slab depth and its effect on pavement 

responses (e.g., loss of support due to warping of concrete pavements). These data can be used 

to correct the pavement responses for the effect of moisture changes in the concrete slab between 
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different testing periods and to calibrate the effect moisture variations in the slab between 

seasons. 

3.3.7 Resistivity Probe 

Resistivity probes (RP) are used to monitor the change in the soil moisture state. They 

are constructed of 2.5 m-long tubes with concentric pairs of copper conductor located every 50 

mm. These sensors operate on the principle that the resistance of soil increases dramatically 

during transition from the unfrozen to frozen state, and vice versa, due to the increase in the 

resistance caused by ice that may be present in the soil (Forst, 1998). RP values are used to 

measure depth of freezing and thawing fronts in the pavements. 

The RP sensors are installed at three possible locations, as shown in figure 3.6. For each 

location, sensors are installed every 50.8 mm (2 in) over the region ranging from 0.305 m to 2.49 

m (12 to 98 in) below the pavement surface. The RP sensors in the outer wheel path were 

selected to monitor the soil moisture state during the field testing for this study. 

OWP CL OWP 

Shoulder  PCC 

Subbase 

Subgrade 

Resistivity Probe 

OWP Outside Wheelpath 

Figure 3.6. Typical Layout of Resistivity Probe Sensors. 
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3.3.8 Time Domain Reflectometer 

Time domain reflectometer sensors (TD) are used to measure the unfrozen base/subgrade 

moisture content. The TD sensors are installed at four possible locations, as shown in figure 3.7, 

and for each location, seven TD sensors are installed at of 0.30, 0.46, 0.61, 0.91, 1.22, 1.52 and 

2.44 m (112, 18, 24, 30, 36, 42 and 96 in) below the surface of the pavement. The TD sensors in 

the outer wheel path are selected for monitoring unfrozen base/subgrade moisture content during 

the field testing for this study. 

OWP CL OWP 

Shoulder  PCC 

Subbase 

Subgrade 

Time Domain Deflectomter 

OWP Outside Wheelpath 

Figure 3.7. Typical Layout of Time Domain Reflectometers. 

3.3.9 Weigh-in-Motion Machine 

Traffic data on the mainline segment of Mn/ROAD is recorded with the weigh-in-motion 

machine (WIM). The WIM is an International Road Dynamics (IRD) system and is used to 

extract live traffic data such as axle weight, axle spacing, axle configuration and vehicle speed. 

The WIM system, which captures extensive information about each truck that travels in 

both traffic lanes, consists of four platforms in a sealed frame, four loop detectors, and a 

microcomputer. The scale indicates the speed, length, axle weight, axle spacing, classification 
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and gross weight for each heavy vehicle that passes over it. In particular, the system was used 

primarily to obtain axle weights. 

3.4 Data Collection Equipment 

Various types of electronic data collection equipment provided at Mn/ROAD and by 

MnDOT, facilitate data collection for the study. Several key components make up the data 

collection and storage system used to interpret and store the raw data signals sent by the sensors. 

The Mn/ROAD data collection equipment begins with the 17 types of sensors located in 

the pavement surface and sub-layers. Data flows from these sensors to 26 roadside cabinets, and 

then to the Mn/DOT Materials Research and Engineering Laboratory in Maplewood, Minnesota 

for storage and analysis. The data can be collected either automatically or manually. 

The sensors at Mn/ROAD are divided into two categories: online and offline sensors. 

Online sensors are instruments for which data are collected by an automated process. For the 

online sensors, a network of fiber-optic and copper wire connect sensors and computers which 

poll the instruments on a regular basis and return data to the main site for analysis. Offline 

sensor data are collected on a periodic basis through manual or automated processes. These 

sensors include the instruments to measure weather data, traffic data, temperature and moisture 

data, falling weight deflectometer (FWD) data and other embedded gages. 

3.4.1 Data Retrieval and Reduction 

A Test Control Software (TCS) program is run on a laptop or desktop computer and a test 

file is generated. A typical test file contains four fields of information: 
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(1) The types of test that should be performed on the data channels for the MEGADAC; 

(2) The transform equations which need to be applied to the raw voltage data returned by 

the sensor; 

(3) The conversion procedure from raw voltage data to engineering units; and, 

(4) The identification of sensors (i.e., cell instrument type, sensor sequence, time and 

date). 

When the system is triggered (manually by the user), the TCS program reads the 

configuration file that contains the list of the dynamic MEGADACs connected to the protocol 

converter along with various parameters that the test file should use. The program then sends the 

test file through the appropriate port to the cabinet. The system is then triggered to start 

collecting data and reads the data returned from the MEGADAC. The transformation is then 

performed, converting the raw voltage data to engineering units and the results are written to a 

test output file on the local hard drive. A block diagram of the MEGADAC is shown in figure 

3.8. 
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Figure 3.8. Block Diagram for MEGADAC (Forst, 1998, pp. 93). 

The MEGADACs transfer the data to the hard drive of a personal computer equipped 

with the TCS software using IEEE-488 or RS-232-C communications (Forst, 1998). A 

graphical illustration of the MEGADAC and PC system is shown in Figure 3.9. 

Figure 3.9. MEGADAC and PC System (Forst, 1998, pp. 93). 
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The test files are then converted from binary format to ASCII format. Time-history 

traces are generated for data collected from dynamic sensors. The raw data is then filtered to 

remove random noise and to obtain smooth continuous traces due solely to dynamic loading. A 

computer program based on statistics and signal process theory is use to filter the data. This 

program applies noise-filtering techniques, including Fast Fourier Transform and time domain 

filtering. In most cases, a 15-point moving average was sufficient to obtain a smooth trace of the 

response. Examples of unfiltered and filtered traces are shown in Figures 3.10 and 3.11. 
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Figure 3.10. Trace of unfiltered data. 
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Figure 3.11. Trace of filtered data. 

The above procedures are used for collecting data from the LVDTs, dynamic strain gages 

(CE and CD) and soil pressure gages. The data from the thermocouples, resistivity probes, 

vibrating wire strain gages, time domain reflectometer and weather conditions are obtained 

directly from the Mn/ROAD database. 

3.4.2 Vehicle Lateral Position 

The lateral position of the truck on the pavement is captured by the VHS high-resolution 

video camera mounted directly over the second axle of the test vehicle by bolting it to the outside 

framework of the flatbed trailer, as shown in figure 3.12. 

A marking system for identifying the lateral truck position was installed on all cells 

selected for this study. This marking system consists of a black road tape placed in the outside 
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wheel path of the pavement in each test section. The tape is cordoned with a series of colored 

rectangles spaced evenly (25.4-mm intervals) across the approximate wheel path. These marks 

are light reflecting and can be used at night. Figure 3.13 is a live shot of the video camera 

recording the lateral position of the test vehicle. 

Figure 3.12. High-Resolution Camera Mounted on Test Vehicle. 
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Figure 3.13.  Sample of Video Recording Lateral Position of Test Vehicle. 

3.4.3 Falling Weight Deflectometer 

The Falling Weight Deflectometer (FWD) is one method of conducting nondestructive 

tests on pavements. The primary use of the FWD is to assess the in situ or “effective” pavement 

structural capacity. In particular, the modulus of each layer can be backcalculated from 

deflection measurements at a number of locations within the pavement test section. 

The FWD applies approximately a harversine-shaped impulse load with a duration of 

about 28 milliseconds that is distributed through portions of the pavement system as shown in 

figure 3.14. The slope of the influence lines varies from layer to layer and is related to the 

relative stiffness of the material within each layer. As the stiffness of the layer increases, the 

stress is spread over a much larger area. This figure also indicates that any surface deflection 

detected at or beyond the a3e value is due only to stresses in the subgrade. Thus, any deflection 
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basin readings past this point due to dynamic loading primarily reflect the in situ modulus 

properties of the subgrade. 

(Zone of  Stress) 

Geophone (deflection) loacations 
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AC 

Figure 3.14. Schematic of Stress Zone within Pavement Structure under FWD Load 
(AASHTO, 1993). 

3.4.4 Description of Test Vehicle (Mn/ROAD Truck) 

The vehicle used to conduct the testing for this study was a five-axle semi-tractor trailer 

combination with a single steering axle with single tires and two tandem axles with dual tires for 

the drive and trailer axles. The vehicle is shown in Figure 3.15. A schematic of pertinent axle 

spacing and dimensions is given in Figure 3.16. 
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Figure 3.15. Mn/ROAD Test Vehicle. 
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3.4.4.1 Load Configuration 

The effects of load were studied using three loading configurations selected to represent 

light, current Minnesota legal and approximate European legal weights on the various axles. The 

selected axle load configurations were as follows (steer-drive-trailer): 

- Configuration 1: 49-107-107 kN (11-24-24 kips) 

- Configuration 2: 53-151-151 kN (12-34-34 kips) 

- Configuration 3: 58-151-205 kN (13-34-46 kips) 

The Mn/ROAD vehicle is equipped with a crane in the center of its flatbed trailer that 

allows solid steel weights to be correctly positioned to obtain the required load on each axle. 

Each steel weight is approximately 30 cm x 30 cm x 60 cm and weighs approximately 4.4 kN (1 

kip). The final position of the weights for the three load configurations is shown in Figures 3.17-

3.19 (Forst, 1998). Table 3.6 lists the actual loads on the generalized axles for the three 

configurations. 

Table 3.6. Actual Axle Loads for Configurations Tested. 

Designation Steer Axle 
(kips) 

Drive Axle 
(kips) 

Trailer 
Axle (kips) 

11-24-24 23.5 21.6 

12-34-34 34.0 34.0 

13-34-46 33.3 46.9 

11.0 

12.0 

12.5 

91




-4
99

” 
-4

63
” 

-4
27

 
-3

91
” 

-3
55

” 
-3

19
” 

-2
83

” 
-2

47
” 

-2
11

” 
-1

75
” 

-1
39

” 
-1

03
” 

-6
7”

 
-3

1”
 

+5
” 

Lo
ca

tio
n 

R
ea

r 
Fr

on
t 

15
14

13
12

11
10

 
9 

8 
7 

6 
5 

4 
3 

2 
1 

Po
sit

io
n 

* 
D

ra
w

in
g 

no
t t

o 
sc

al
e 

N
ot

e 
th

at
 a

ll 
lo

ca
tio

ns
 a

re
 m

ea
su

re
d 

fro
m

 th
e 

5t
h 

w
he

el
 p

in
. 

Po
sit

io
n 

15
 sh

ou
ld

 c
or

re
sp

on
d 

to
 b

ot
h 

49
9 

in
ch

es
 fr

om
 th

e 
5t

h 
w

he
el

 p
in

 a
nd

 th
e 

en
d 

of
 th

e 
w

oo
d 

flo
or

 b
oa

rd
s. 

Th
e 

5t
h 

w
he

el
 is

 s
lid

 a
ll 

th
e 

w
ay

 b
ac

k  
in

 th
is 

co
nf

ig
ur

at
io

n 
an

d 
th

e 
sli

de
r p

in
 in

 th
e 

tra
ile

r i
s i

n 
th

e 
ye

llo
w

 h
ol

e.
 

Crane Location 

Figure 3.17. 49-107-107 weight configuration for Mn/ROAD Truck. 
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Figure 3.18. 53-151-151 weight configuration for Mn/ROAD Truck. 
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Figure 3.19. 13-34-46 weight configuration for Mn/ROAD Truck. 
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It is of interest to note that the test vehicle’s drive axles are equipped with an air 

suspension system the steering axle and trailer axles uses a spring suspension system. It is 

believed that the large variation between the loads on the fourth and fifth axles is due to the 

mechanics of the trailer’s spring suspension system. The variation between the second and third 

axles with the air suspension mechanism is significantly less. Variation on the fourth and fifth 

axles was reduced by placing a 4.8 mm spacer on the scale so that the fourth axle was parked on 

it. This distributed the load more evenly between the two axles by transferring approximately 

6.5 kN (1.5 kips) from the fifth to the fourth axle in the 53-151-151 configuration. However, due 

to the importance of maintaining consistent load parameters at Mn/ROAD, it was not possible to 

incorporate a permanent adjustment to the Mn/ROAD test vehicle (Forst, 1998). 

3.4.4.2 Tire Type 

The selection of the tire type for this study was based on recommendations from tire 

manufacturers and the trucking industry. It was determined that 11R24.5 tires represent one of 

the most commonly used size tires on the market; Bridgestone/Firestone Model R250F was 

selected for both the steering axle of the tractor and the trailer axles while Model M726 was 

selected for the drive axles of the tractor. The engineering data for these tires are listed in Table 

3.7. 

95




M
od

el
 

Pl
y

Ra
tin

g/
 

Lo
ad

Ra
ng

e 

Tr
ea

d
D

ep
th

 

O
ve

ra
ll

D
ia

m
et

er
 

O
ve

ra
ll

W
id

th
 

Tr
ea

d
W

id
th

 

Lo
ad

ed
Ra

di
us

 

Lo
ad

ed
W

id
th

 

D
es

ig
n 

A
pp

ro
ve

d t l l

Table 3.7. Engineering Data for Selected Tires (Forst, 1998, pp. 90). 
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R250F 14/G 210 191 15 1100 274 208 516 300 28.6@724 25.1@655 
M726 14/G 210 191 24 1120 269 213 526 300 28.6@724 25.1@655 

*  All dimensions shown in mm 

3.4.4.3 Tire Pressure 

The effects of tire pressure were studied using three levels of inflation pressure to account 

for variable contact area between the tire and the pavement surface. The selected tire pressures 

for the Mn/ROAD vehicle were 621, 758 and 896 kPa (90, 110 and 130 psi). These values were 

selected based on information provided by tire manufacturers and the trucking industry (Forst, 

1998). 

3.4.4.4 Vehicle Speed 

In addition to the factors discussed above, the static and dynamic effects of the 

Mn/ROAD Truck on the pavement sections were also investigated. Three speed levels were 

selected for testing on the low-volume road and the mainline test sections at Mn/ROAD. These 

speed levels were tested for each axle load configuration using 11R24.5 tires inflated to 760 kPa 

(110 psi). 

For the low-volume road, the selected speed levels were 8, 24 and 48 km/hour (5, 15 and 

30 mph). For the mainline test sections, the selected speed levels were 8, 48 and 96 km/hour (5, 

30and 60 mph). These levels were used for investigating the effects of speed on pavement 
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responses. For all other test runs (i.e., to investigate axle load, tire type, and tire pressure), the 

selected speed levels are 48 and 96 km/hour (30 and 60 mph) for the low-volume road and 

mainline sections, respectively. 

3.5 Factorial Design 

The primary focus of the field study was to measure the effects of independent variables 

including load, axle configuration, vehicle speed, tire type, tire pressure, pavement temperature 

and pavement structure on the dependent response variable, lateral strain.  Extensive work was 

performed to plan the collection of the field data necessary for this study. 

A detailed experimental design was developed based on the data required for this study to 

allow for statistically valid and efficient experiments. The experimental design for the field study 

used combinations of fixed factors and variable factors. Fixed factors included the pavement 

structure, geometry and material properties, while the variable factors were the vehicle 

characteristics. The experiment covers all treatment combinations with five replications to 

account for variations in lateral position of the vehicle. 

The design test runs are presented in table format (table 3.8-3.10) for each vehicle, 

categorized by parameter investigated. Tests were conducted separately for Low-Volume Road 

(LVR) sections and Mainline (ML) sections. 
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3.5.1 Axle Load and Configuration 

Pressure: 760 kPa (110 psi) 

Speed: 48 km/hr (30 mph) – LVR 

96 km/hr (60 mph) – ML 

Table 3.8. Factor-level combinations for testing axle load effects 

Axle Load, KN 

Level Drive Trailer 

1 106 106 

2 129 151 

3 151 204 

Tire Type 11R24.5 

Steering 

49 

43 

57 

11R24.5 11R24.5 
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3.5.2 Speed 

Pressure: 760 kPa (110 psi) 

Table 3.9. Factor-level combinations for testing speed effects 

Axle Load, KN Speed, km/hr 

Level Drive Trailer LVR ML 

106 106 8 8 

49 106 48 

49 106 96 

151 151 8 8 

53 151 48 

53 151 96 

151 204 8 8 

57 204 48 

57 204 96 

Tire Type 11R24.5 

Steering 

49 

106 24 

106 48 

53 

151 24 

151 48 

57 

151 24 

151 48 

11R24.5 11R24.5 
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3.5.3 Tire Pressure 

Axle Load Configuration: 53-151-151 KN (12-34-34 kips) 

Speed: 48 km/hr (30 mph) – LVR 

96 km/hr (60 mph) – ML 

Table 3.10. Factor-level combinations for testing effects of tire pressure 

Tire Type 

Level Drive Trailer Tire Pressure, kPa (psi) 

1 11R24.5 620 (90) 

2 11R24.5 760 (110) 

3 11R24.5 900 (130) 

Steering 

11R24.5 11R24.5 

11R24.5 11R24.5 

11R24.5 11R24.5 

A comprehensive test matrix for developed for developed for the field study. The matrix is 

presented in Appendix B. 
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IV. DATA ANALYSIS AND MODEL DEVELOPMENT 

4.1 Sensor Data Reduction 

Section 3.4.1 presented a brief description of the process involved in obtaining a 

usable dataset for this study. Once the TCS test files were converted from binary format 

to ASCII format, the resulting data contained electronic noise that was a consequence of 

the data collection system and other random processes. The presence of noise in the data, 

visible in the time-history traces generated for dynamic sensors, distorted the peak 

response in the trace. It was necessary to apply a filtering process to remove random 

noise from the raw data, thereby obtaining smooth continuous traces due solely to 

dynamic loading. Figures 3.10 and 3.11 are duplicated in figures 4.1 and 4.2 to illustrate 

an unfiltered and a filtered trace, respectively. 

A 15-point moving average was the primary filtering process applied to the data 

for obtaining smooth traces of strain response. 
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Figure 4.1. Example of unfiltered trace. 
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Figure 4.2. Example of filtered trace. 
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4.2 Data Adjustment 

The peak strains extracted from the filtered traces represented the response of the 

pavement at various depths throughout the slab and varying offsets across the slab. To 

obtain the maximum possible strains the slab is subjected to under a specific loading 

condition, it was necessary to make two primary data adjustments: 

1. 	 Vertically translate the extracted values to the extreme fibers, i.e., top or 

bottom of slab (critical tensile strain); and, 

2. 	 Laterally translate the extracted values to a location directly under the load, 

i.e., in the wheel path. 

The following sections describe the procedures used to make these adjustments. 

4.2.1 Adjustment To Extreme Fiber 

As briefly mentioned above, the peak strains extracted from the data collection 

and retrieval programs represent the strains at the location of the sensor. In most cases, 

the sensors are located at approximately one inch from both the top and bottom of the 

slab. Strains collected at these locations (depths) are not the maximum strains induced in 

the slab by loading conditions. Rather, they are only fractions of the maximum strains, 

which occur at the top and bottom of the slab and correspond to the critical compressive 

and tensile response locations in the slab, respectively. 
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The ideal adjustment mechanism would stem from a systematic layout of sensors 

throughout the slab, e.g. sensors located at every half-inch from the top surface. 

Subsequent analysis of the data obtained from such a layout would give a close 

approximation of the strain distribution throughout the slab. However, the concrete slabs 

used in this study did not have sensors located in such a layout. The closest scenario is a 

combination of three sensors – one located at the surface, one at approximately an inch 

from the top surface and the other, five inches from the top surface of the slab. Obtaining 

an approximation of the strain profile using data from this combination was not feasible 

due to the lack of adequate data points. 

It was resolved that a linear approximation of the strain distribution would be 

appropriate for analyzing stains in this study (also adopted by Forst, 1998). In theory, 

there should be a 1:1 ratio between the strain at the top and the strain at the bottom of the 

slab. If this assumption is true, then it holds that the neutral axis of the slab occurs at the 

midpoint, hence the slope of the strain distribution could be obtained using the strain 

value from the sensor at a known depth and zero strain at the midpoint of the slab. A 

schematic of the model used for adjusting the strains to the extreme fibers in the slab is 

shown below in figure 4.3. 
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Figure 4.3. Model for adjusting strains to extreme fibers. 

The strain at top and bottom interfaces of the slab can be computed using similar 

triangles: 

εhε t = ε b = 
h − 2d

 (4.1) 

where, 

εt = strain at the top of the slab 

εb  = strain at the bottom of the slab 

ε  = strain at sensor location 

h  = thickness of the slab 

d  = depth to sensor 
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4.2.2 Adjustment for Load Offset 

The ideal scenario would be having the test vehicle drive directly over the sensor 

of interest. Since there were many sensors from which data were collected and given the 

variability of the steering path of the driver, it was almost impossible to obtain perfect 

data. 

The maximum strain under a given loading condition will in most cases occur 

under the load (exceptions may exist when the load is near the edge of the pavement). 

Translation of the response data to the wheel path required knowing the exact offset of 

the wheel path from the sensor of interest. These offsets were obtained from the lateral 

position data along with known information about sensor orientation and location. One 

method of determining offsets is illustrated in figure 4.4. Section 3.4.2 presented a brief 

description of the procedure used for obtaining lateral position data. 

The adjustment procedure assumes that there is a definitive lateral distribution of 

strain across the pavement and that this distribution is uniform along any transverse 

plane. An example of such a distribution is shown in figure 4.5. If it is possible to 

explicitly model this distribution as a function of lateral offset, then the strain for each 

offset along a plane can be defined as a ratio of the maximum strain, or more applicably, 

a ratio of the strain under the point of loading. 
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Ola t 

Olat = Ors  + r_s_mark  - ( Orun  + t )  - Os 

Olat = lateral offset of centroid of tire to sensor of interest


Ors = offset of reference sensor from pavement centerline


r_s_mark  = location of reference sensor relative to the start of the marking strip


Orun = lateral position of tire obtained from video (camera-mounted 2nd axle)


t  = distance from outside of tire to its centroid


Os = offset of sensor of interest from pavement centerline


Figure 4.4. Model for determining the lateral offset. 
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Figure 4.5 . Strain distribution along transverse direction of slab in vicinity of load. 
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The three-dimensional pavement analysis program EVERFE was used to compute 

load-induced stresses in the slab. Figure 4.6 shows the slab model used for the 

simulation. The following procedure was used to develop the ratios used to estimate 

peak strains using measured strains and lateral offset data. 

1. 	 An imaginary transverse line was established along the mid-panel of the 

slab model. 

2. 	 The slab model was subjected to an axle load of 12 kips placed at an offset 

of 20 inches from the outer edge of the slab. Subsequent simulations used 

axle offsets of 22, 23, 24, 26, 28, 30, 32, 34, and 36 inches from the outer 

pavement edge along the mid-panel. These offsets were chosen to capture 

an interval of vehicle wander around the wheel path (approximately 30 

inches from the outer edge). For simplicity in this portion of the analysis, 

tandem axles were assumed to have single rather than dual tires. 

3. 	 For each loading condition, stresses were extracted for locations (hereafter 

referred to as “lateral position”) along the mid-panel ranging from –30 

inches to +30 inches from the point of loading. These stresses were 

converted to strains using properties obtained from the Mn/ROAD Spring 

1999 test (i.e., elastic modulus and Poisson’s ratio). 
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4. 	 The ratio of the strains at the sensor locations to the strain under the load 

(i.e., zero lateral position) was computed for each lateral position, and the 

distribution of the set of ratios was determined. 

5. 	 These ratio distributions were then used to translate data from the sensor 

location to under the wheel load. 

Figure 4.6. Slab as modeled in EVERFE. 
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Let εs = strain under sensor; 

x = lateral position; 

εw = strain under wheel load; and, 

r(x) = distribution of ratios as a function of lateral position 

The strain under the load can be computed from, 

ε sr(x) =
ε w 

Solving, 

ε sε w = 
r(x)

 (4.2) 

Based on the simulations, it is apparent that the function that describes the ratio of 

strains to ‘maximum’ strain is not continuous. There exists an x for which the ratio 

increases infinitely; i.e., the magnitude of the strain under the sensor is progressively 

larger than the strain under the load, as the sensors approach the pavement edge. 

Physically, this value would corresponds to how close from the pavement edge the wheel 

load can be placed before the largest observed strains occur at the edge rather than 

directly under the load (or between the load and the edge). In the analysis, this value of x 

was approximately 24 inches. Hence r(x) was defined as a step function with its step 

occurring when the offset is at 24 inches. 
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The coefficients of the step function are averages of the coefficients of functions 

for loads at an offset less than or equal to 24 inches (22, 23, and 24 inches) and the 

coefficients of functions for loads at an offset greater than 24 inches (28, 30, 32, and 34 

inches). Figures 4.7 and 4.8 show the ratios plotted against lateral position for values of x 

less than or equal to 24 inches, and values of x greater than 24 inches, respectively. 

These plots were averaged to obtain the final step function. The distributions of the final 

function are illustrated and figure 4.9. The resulting step function for the ratio profile is 

given by equations 4.3 and 4.4; 

−1.7E − 9x 5 + 7.3E − 8x 4 + 2.3E − 6x 3 − 0.0013x 2 + 0.0056 x + 1.0015 , x ≤ 24 (4.3) 

− 2.25E − 9x 5 + 2.75E − 7 x 4 − 4E − 6x 3 − 0.000425 x 2 + 0.0023x + 0.99305 , x ≤ 24  (4.4) 
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Figure 4.7.  ribution for loads at offsets less than or equal to 24 inches.. 

Figure 4.8.  ribution for loads placed at offsets greater than 24 inches. 
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Figure 4.9. Average distribution of strain ratios. 

An example of computed ratios used to adjust the strains is given in table 4.1. 

Table 4.1. Example of the adjustment using strain ratios. 
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Steer Drive Trailer Steer Drive Trailer 
P1 Ave Ave r1 r2 r3 P1 Ave Ave 

1 36.0 27.5 31.6 -12.13 -12.13 -12.13 0.98 0.92 0.95 -12.35 -13.19 -12.71 
2 35.5 27.0 31.1 -12.46 -12.43 -12.46 0.98 0.92 0.95 -12.72 -13.58 -13.10 
3 31.0 22.5 26.6 -13.32 -12.41 -13.32 0.95 0.87 0.91 -14.03 -14.27 -14.61 
4 31.5 23.0 27.1 -13.08 -12.78 -13.08 0.95 0.87 0.92 -13.72 -14.61 -14.28 
5 33.0 24.5 28.6 -13.96 -14.08 -13.96 0.96 0.89 0.93 -14.47 -15.78 -15.01 
1 36.5 28.0 32.1 -21.81 -20.78 -21.81 0.98 0.92 0.96 -22.16 -22.48 -22.77 
2 34.0 25.5 29.6 -20.45 -19.16 -20.45 0.97 0.90 0.94 -21.06 -21.25 -21.80 
3 34.5 26.0 30.1 -19.99 -18.40 -19.99 0.97 0.91 0.94 -20.52 -20.30 -21.20 
4 32.5 24.0 28.1 -18.25 -17.43 -18.25 0.96 0.88 0.93 -18.99 -19.71 -19.72 
5 34.0 25.5 29.6 -19.91 -17.73 -19.91 0.97 0.90 0.94 -20.50 -19.66 -21.22 

R
un

 1
R

un
 4

 

Adj. To Extreme Fiber Adj. To WheelpathAxle 1 
Offset 

(in) 

Axle 2_3 
Offset (in) 

Axle4_ 5 
Offset (in)Pass 
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4.3 Estimating the Responsive Modulus of Subgrade Reaction 

As discussed in chapter 2, the Winkler or dense liquid idealization remains the most 

popular foundation model for simulating the response of the foundation under pavement 

systems. This is due mainly to its computational efficiency and its adaptability in simulating 

the response of the foundation to loads applied at critical locations on the pavement, such as 

at the edge and at joints. 

The model uses the analog of a bed of closely spaced, independent, linear springs 

with the force-displacement interaction governed by Hooke’s law, i.e., the vertical stress at a 

point in the foundation is directly proportional to the deflection at that point. The k-value 

represents the constant of proportionality. 

The k-value is determined from the plate-bearing test. This test requires bulky 

equipment and generally takes very long to run. As such, this method is seldom performed, 

and k is usually estimated using correlation from other test result (e.g., R, CBR, etc.), and by 

backcalculation techniques using FWD deflection data. 

4.3.1 Research Approach 

A methodology for estimating a k-value suitable for use in rigid pavement design 

and analysis is proposed. Studies have shown that the k-value observed in the field is not 

equivalent to the k-value one would input into a finite-element model to produce 

comparable pavement responses. Huang, et al (1973) concluded that a k-value several 

times larger than the observed k-value should be used to make predicted results more 

compatible with experimental data. 
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The k-value’s sensitivity to varying plate size is analogous to how the k-value is 

affected by the geometry and properties of the layers, and the load the foundation 

supports. The intent of this study is to characterize the k-value as a material property for 

which the only prior knowledge about the system are the geometry and elastic properties 

of the structure, and the load the foundation supports. Figure 1.1, which shows the 

flowchart for performing this analysis, is repeated in figure 4.10. 

The parameters selected for this analysis are the thickness and elastic modulus of 

the slab, and the applied load and configuration. These parameters were selected because 

they are the main components of a pavement structure for which the foundation provides 

support. The factors also have significant relationships with the response (stresses and 

strains) of the slab to stress agents. This is a key concept in formulating the models for 

the analysis. 

In order to obtain feasible alternative model forms, the finite element program 

ILLISLAB (version ISLAB2000) and the statistical analysis package ARC (developed at 

the University of Minnesota) were used to test the dependency of the k-value on the 

selected pavement parameters. The following subsections describe the procedure used to 

develop predictive models for estimating responsive k-values for use in the application of 

the finite element method to concrete pavement analysis and design. 
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Figure 4.10. A flowchart of the of the k-value analysis. 

4.3.2 The k-value as a Responsive Quantity 

It is standard to assume a constant k-value when analyzing the structural response 

of rigid pavements. The word “constant”, as used in this context, does not carry its usual 

connotation, i.e., k-value is the same at all locations in the foundation. Instead it applies 

to changes in state or condition of the pavement structure, e.g., change in load magnitude. 
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It is common in analyses with FEM programs to select a k-value to represent the behavior 

of the foundation under specified pavement conditions. If there is a change in the 

pavement condition, for example axle loading or temperature gradient, the 

compressibility of the foundation is defined using the same k-value. 

As discussed in chapter 2, vertical deformation is proportional to the load 

magnitude for a given subgrade soil (foundation) with a given level of compressibility – 

heavier loads are expected to yield larger k-values and make the subgrade appear stiffer 

than it really is. It follows that there should be a mechanism for defining a k-value that is 

sensitive to changes in the state of the pavement structure and applied loads. 

Conceptually, this allows for a variable application of the k-value, i.e., as a parameter that 

changes with different levels of structural influences. 

4.3.3 Structural Model of the Pavement System 

The procedure employed in this research utilized a sensitivity analysis format, i.e., 

several of the parameters are variable. However there was a default pavement structural 

model that was kept constant while each parameter was varied. This section describes 

the default model. 

4.3.3.1 Geometry of Structure 

The structure used in the analyses consisted of three concrete slabs (modeled as 

medium thick plates) resting directly on the foundation (modeled as a Winkler 

foundation). Slab dimensions followed a typical rigid pavement design: 

117




Slab length - 180 inches 


Slab width - 144 inches 


Slab thickness - 7 inches (variable) 


Dowel bars were used to facilitate load transfer at the joints. The dowel bar 

model allowed the transmittal of both shear and moments. Dowel specifications were as 

follows: 

Location - 12 bars @ 12 inches o.c.


Diameter - 1.25 inches 


Length - 12 inches 


Joint width - 0.10 inches 


4.3.3.2 Material Properties


The properties used to model the concrete slab were: 


Elastic modulus - 4,000,000 psi 


Poisson’s ratio - 0.18 


Coefficient of thermal expansion/contraction - 0.0000044 /oF


Unit weight - 0.087 pci 


Dowel properties were: 
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Elastic Modulus - 29,000,000 psi 

Poisson’s ratio - 0.30 

As previously mentioned, the subgrade is modeled as a dense liquid foundation 

with a proportionality constant k (referred to as the k-value). 

The structural geometry and properties are tabulated in table 4.2, and the 

pavement model is illustrated in figures 4.12 through 4.16. 

Table 4.2. Geometry and properties of pavement structure. 

COMPONENT 

GEOMETRY Slab Subgrade 

Thickness (in) 7.0 N/A 

Length (in) 180 N/A 

Width (in) 144 N/A 

Spacing (in) N/A 12 @12 o.c. 

PROPERTIES 

Elastic Modulus (psi) 4,000,000 29,000,000 

Poisson’s ratio 0.18 0.30 

Thermal Coefficient .0000044 N/A 

Unit Weight (pci) 0.087 N/A 

The subgrade is 

described by the 

modulus of 

subgrade reaction 

(k-value), which is 

the dependent 

variable in this 

analysis. 

Dowel 
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4.3.3.3 Mesh Generation 

ISLAB2000 is capable of automatically generating a mesh to suit the dimensions 

of the pavement slab. The default fine mesh for ISLAB2000 was employed in this 

analysis. The nominal element size for this mesh was 6 inches. According to the 

dimensions of each slab, there were 25 nodes in transversal direction and 31 nodes in the 

longitudinal direction. In total, the pavement slab model was divided into 2160 elements. 

Figure 4.11 illustrates the primary mesh generated for this analysis. 

Figure 4.11. Primary mesh generation for the ISLAB2000 simulations. 

4.3.3.4 Load Specification 

Loads were applied to the slab in the form of single axles and tandem axles with 

dimensions similar to those of the Mn/ROAD truck described in chapter 3. All loads 

were applied to the middle of the slab with the outer edge of the wheel in a typical 

wheelpath and in the longitudinal center of the slab. Explicitly, the outer edge of the 

single axle load was positioned at a transverse offset of 25 inches from the pavement 

edge, and the back edge had a longitudinal offset of 90 inches from the first joint (or 270 
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inches from the beginning of the pavement structure). For the tandem axle loading, the 

outer back wheel was positioned at a transverse and longitudinal offset of 25 inches from 

the pavement edge and 64 inches from the first joint (or 244 inches from the beginning of 

the pavement structure), respectively. 

The default load magnitude for the single axle was 12,000 lbs. The tandem axle 

was used to investigate its effect on the k-value in comparison to the single axle loading. 

The single axle was specified as follows (see figure 4.12): 

Tire pressure - 110 psi 

Tire width - 8.3 inches 

Wheel spacing - 76 inches 

76 in 8.3 in 

Figure 4.12. Schematic of the single axle. 
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The tandem axle was specified as follows: 

Tire pressure - 110 psi 

Tire width - 8.3 inches 

Wheel spacing: 

S1 - 14 inches 

S2 - 72 inches 

S3 - 86 inches 

Axle Spacing: 

L1 - 52 inches 

where S1, S2, S3, S4, and L1 are measurement parameters defined in ISLAB2000. A 

visualization of these parameters is given in figure 4.13. 

Figure 4.13.  Visualization of the measurement parameters for multiple axles. 
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Figure 4.14 was extracted directly from the ISLAB2000 interface module and 

shows the structural setup for a routine simulation with the tandem axle. Typical 

response (longitudinal stress) and deflection distributions are given in figure 4.15 and 

figure 4.16, respectively. 

Figure 4.14. ISLAB2000 home interface module. 
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Figure 4.15. Longitudinal stress distribution for a tandem axle. 

Figure 4.16. Deflection distribution for a tandem axle. 
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4.3.4 Target Strain Value 

Four target strain values were selected for the analysis – 27.2, 28.6, 30.8, and 36.2 

microstrain (discussed more below in 4.3.5). It is believed that a portion of the effect of 

the factors on the k-value is aliased with the level of strain being considered in the 

analysis; i.e., there is a portion of the factor-response interaction that is explained by the 

stress level in the foundation. For example, a slab of thickness 7 inches resting on a 

foundation with a k-value of 1200 psi/in and subjected to a 12-kip load yields a response 

equal to 27 microstrain (longitudinal). The same slab condition has a response of 30.8 

microstrain if the foundation is softened to 550 psi/in. 

Figure 4.17 illustrates this potential for the interaction between k-value and the 

longitudinal strain. Note that the relationships are systematic (i.e., between load 

magnitudes) and that each function has essentially the same form with an equivalent 

power transformation (approximately equal to -5.2). The systematic relationship can also 

be observed with different parameters (i.e., slab thickness and elastic modulus), as is 

discussed later. 
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Figure 4.17.  

As a consequence of the above observations, the stress level (in the form of a 

target strain value) was included as a factor in each model.  e target strain 

values represent actual strains observed in the field. 

4.3.5 Effective Strain Range for Applying the Winkler Foundation Model

As previously mentioned, the fundamental property used in defining the response 

of a Winkler foundation to prevailing conditions is the k-value.  Inconsistencies in the 

selection of an appropriate k-value are partially a result of the use of inaccurate 

assumptions, such as using static analysis to simulate a dynamic process.  odel 
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assumes that the load component of the analysis is stationary. Any dynamic effects in 

static modeling are reflected in selected material properties, such as the elastic modulus 

and the k-value. 

Dynamic strains measured in the field are typically smaller than computed static 

strains (Forst, 1998). This suggests that a k-value larger than the observed k-value should 

be used in pavement analysis to make measured and computed strains numerically 

equivalent. 

Since the incremental change in pavement strain due to an incremental change in 

foundation stiffness (i.e., k-value) is relatively small, a range of plausible target strain 

values has to be such that the corresponding k-values are within an acceptable range for 

pavement design and analysis. Typical k-values for pavement systems range from 100 

psi/in to 500 psi/in. The selected target strain values are therefore based on a careful 

analysis of the values that would yield k-values that were neither too low (approximately 

no less than 50 psi/in) nor too high (approximately no greater than 1000 psi/in). 

Figure 4.18 shows a typical relationship between longitudinal strain and the k-

value as a function of slab thickness. For the specified acceptable k-value range (i.e., 100 

psi/in to 500 psi/in), the average longitudinal strain range is 40 microstrain to 24 

microstrain, respectively. This graph also indicates that the variation of longitudinal 

strain and k-value depends on slab thickness. According to simulations conducted using 

ISLAB2000, this dependency is a family of power curves of the form, 

ε = A ⋅ k b  (4.5) 
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where, ε is the longitudinal strain, k is the k-value, and A and b are functions of the slab 

thickness. Figure 4.19 and figure 4.20 show the dependency of A and b on slab thickness. 

Regression analyses yielded the following functions for estimating the coefficient A and 

the power b. 

A = 1054.4D −.12508  (4.6) 

b = −0.0006D 2 + 0.0049D − 0.1776  (4.7) 

where D is the slab thickness in inches. 

Figure 4.18.  Variation of Strain with k-value  for Various  Slab Thicknesses 
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Figure 4.19.  Estimating the Coefficient A  as function of Slab Thickness 
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Figure 4.20. Estimating the Power b  as a function of Slab Thickness 
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The other main factor in this analysis, the elastic modulus of the slab, was shown 

to have similar effects on the relationship between longitudinal strain and k-value. For 

the specified acceptable range of k-values, i.e., 100 psi/in to 500 psi/in, the corresponding 

average longitudinal strain range is 34 microstrain to 25 microstrain. 

Figure 4.21 shows the dependency of the strain – k-value relationship on the slab 

elastic modulus (hereafter referred to as elastic modulus). Like the dependency for slab 

thickness, this dependency also exists in the form of a family of power curves of the 

form, 

ε = C ⋅ k d  (4.8) 

where, C and d are functions of the elastic modulus, and can be estimated from equations 

4.9 and 4.10 respectively. Figure 4.22 and figure 4.23 show the dependency of C and d 

on the elastic modulus. 

C = 55401E −0.7752  (4.9) 

d = −0.0075(ln(E))2 + 0.1212 ln(E) − 0.6558  (4.10) 

where, E is the elastic modulus in ksi. 
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Figure 4.22.  stimating the Coefficient C as a Function of Slab Elastic Modulus
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Figure 4.21.   of Strain with k-value for Various Elastic Moduli
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Figure 4.23.  Estimating the Power d as a Function of Elastic Modulus 
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In pavement design and analysis, a very low k-value denotes an extremely soft 

subgrade material. Stresses can be heightened in the slab as a result of a lack of adequate 

support. The converse is also true – stress levels decrease asymptotically with increased 

subgrade stiffness. Simulations in these extreme cases are omitted from this analysis 

because they represent exaggerated pavement conditions. 

Table 4.3 contains the results of the simulation that was used to plot figure 4.21. 

This further emphasizes a contradiction in the way the k-value is used in finite element 

programs to model the behavior of rigid pavement structures. Reasonable longitudinal 

strain magnitudes for rigid pavements are accompanied by extremely large k-values (e.g. 

greater than 3000 psi/in), and very stiff concrete slabs (e.g. with an elastic modulus of 

9,000,000 psi). 
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It is clear that the modeling assumptions do not allow consistency in the 

connotative magnitudes of the parameters. Again this further justifies the selected target 

strain range for simulations in this analysis. 

Table 4.3. Variation between longitudinal strain, k-value and elastic modulus 

XX_Strain (10-6) for Elastic Modulus (ksi) 
k-value (psi) 3000 4000 5000 6000 7000 8000 9000 

100 53.27 42.54 35.81 31.14 .70 .03 .89 
200 46.50 36.82 30.80 26.66 .62 .29 .44 
300 43.30 34.15 28.46 24.56 .70 .51 .78 
400 41.27 32.48 27.01 23.26 .52 .42 .76 
500 39.80 31.28 25.98 22.35 .69 .66 .05 
600 38.65 30.36 25.20 21.65 .06 .08 .51 
700 37.71 29.61 24.56 21.10 .56 .62 .09 
800 36.92 28.98 24.04 20.64 .15 .24 .74 
900 36.23 28.44 23.58 20.24 .79 .92 .44 
1000 35.63 27.97 23.19 19.90 .49 .64 .18 
1100 35.10 27.55 22.84 19.59 .22 .40 .96 
1200 34.62 27.17 22.52 19.32 .98 .18 .76 
1300 34.18 26.83 22.24 19.08 .76 .98 .58 
1400 33.78 26.52 21.98 18.85 .56 .81 .41 
1500 33.41 26.23 21.74 18.65 .38 .64 .27 
2000 31.91 25.06 20.77 17.82 .65 .98 .67 
3000 29.87 23.48 19.47 16.71 .67 .11 .88 
4000 28.47 22.40 18.59 15.95 .02 .53 .35 
5000 27.40 21.59 17.92 15.39 .52 .09 .95 
6000 26.54 20.93 17.39 14.94 .13 .74 .64 
7000 25.82 20.38 16.94 14.56 .80 .45 .37 
8000 25.19 19.91 16.56 14.23 .52 .20 .15 
9000 24.65 19.49 16.22 13.95 .28 .98 9.96 

10000 24.16 19.12 15.92 13.70 .06 .79 9.78 

27 25 22
23 21 19
21 19 17
20 18 16
19 17 16
19 17 15
18 16 15
18 16 14
17 15 14
17 15 14
17 15 13
16 15 13
16 14 13
16 14 13
16 14 13
15 13 12
14 13 11
14 12 11
13 12 10
13 11 10
12 11 10
12 11 10
12 10
12 10
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4.3.6. Predicting the Target Strain Values 

For each factor, i.e., thickness and modulus of slab, and applied load, a sensitivity 

analysis was conducted to determine how the k-value changes with the factor as it 

predicts the target strain value. The procedure was as follows: 

1) 	 Select the starting values for each factor. For this analysis the starting values 

(or levels) for axle load are 8, 9, 10, 11, 12, and 13 kips (single axle), and 20, 

22, 24, 26, 28, 30, 32, 34 kips (tandem axle); the levels for elastic modulus are 

3000000, 4000000, 5000000, 6000000, 7000000, 8000000, and 9000000 psi; 

and the levels for thickness of slab are 6.0, 6.5, 7.0, 7.5, 8.0, 8.5, and 9.0 

inches. 

2) 	 Using ISLAB2000, the k-value that produced the target strain value when the 

factor is at its first level is determined. This was an iterative process. 

3) 	 Each factor was updated to its subsequent levels and the required k-value to 

obtain the same target strain value was determined. 

4) 	 ARC was used to perform a regression analysis on the multivariate data and 

generate several alternative model forms for the dependency of the k-value on 

each factor. 
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5) 	 The model that showed the most stability and consistency was selected for 

each factor. 

4.3.7 The Responsive k-value as a function of Load Magnitude (Single Axle) 

Table 4.4 gives the results of this analysis – the required k-value for each single 

axle load level to produce the target strain values (the very high values of k are included 

here to illustrate the form of the model). The field heading k_27.2, for example, means 

‘the k-value required to produce a target strain value equal to 27.2 microstrain’. The 

units for the k-value are pounds per square inch per inch (psi/in). Figure 4.24 is a 

graphical representation of the results. 

Table 4.4. Required k-value for single axle load level. 

LOAD(kips) k_27.2 k_28.6 k_30.8 k_36.7 

8 200 150 100 43 

9 300 220 150 63 

10 410 300 205 85 

11 550 400 270 115 

12 1200 870 550 200 

13 2500 1700 1100 375 
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Figure 4.24.  Variation of k-value with Single-Axle Load 
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The prediction model resulting from the linear regression on the data in ARC uses 

an exponential distribution. The model is, 

ln kP = 0.054P2 − 0.674P − 0.171ε + 11.928  (4.11) 

Using mathematical identities, equation 4.11 can be rewritten in exponential form as, 

151448 e0.054 P 2 

kP = 
e(0.674 P + 0.171ε )  (4.12) 

where kp is the responsive k-value as a function of single axle load, P is the applied single 

axle load in kips and ε is the longitudinal strain (in microstrain). 
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Figure 4.25 compares the k-value predicted by ISLAB2000 and those predicted by 

the regression model. Note that the model predicts well the results from ISLAB2000. 

Figure 4.25.  Comparison of Fitted k-value with ISLAB2000 Predictions 
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Taking the first derivative of equation 4.12 and solving for the minima, it 

observed that this equation is not valid for a load less than 6.24 kips. At this load level, 

the softest subgrade within the scope of pavement analysis and design is 34 psi/in. It 

resolves that the equation is valid for real pavement conditions. 
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4.3.8 Responsive k-value as a function of Load Magnitude (Tandem Axle) 

The required k-value for the tandem axle load levels, as predicted by ISLAB2000 

is provided in table 4.5 (high k-values are included to illustrate form of the modeling). 

Figure 4.26 is a plot of the values in table 4.5. 

Table 4.5. Required k-value for tandem axle load. 

Tandem_LOAD(kips) k_27.2 k_28.6 k_30.8 k_36.7 

20 165 140 105 62 

22 250 200 150 82 

24 355 300 200 108 

26 640 450 305 142 

28 1200 790 450 185 

30 2300 1400 690 245 

32 4000 2100 1150 320 

34 6100 4000 2000 430 

138




Figure 4.26.  Variation of k-value with Tandem-Axle Load 
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The proposed regression model for the relationship between the k-value and 

tandem axle load is, 

ln kTA = 12.3992 + 0.00422P2 − 0.31395ε  (4.13) 

Solving for k equation 4.13 becomes, 

kP2 = 242607e0.00422P2 −0.314ε  (4.14) 

where kp2 is the responsive k-value as a function of tandem axle load and P2 is the applied 

tandem axle load in kips. Equation 4.14 does not have a minima and therefore it 
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encompasses any tandem axle load level. Furthermore, responsive k-values are within 

the scope of pavement analysis and design. 

A plot of the fitted k-values versus k-values predicted by ISLAB2000 is shown in 

figure 4.27, indicating a good fit of this model. 
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Figure 4.27.  Comparison Between Fitted k-values and ISLAB2000 predictions 
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4.3.9 Responsive k-value as a Function of Slab Thickness 

Table 4.6 contains the data used to evaluate the variation of the k-value with the 

thickness of slab. At first glance, an exponential model seemed to be the best fit for the 

data. This exponential model proved to be, 

ln kd = 22.2816 − 1.381D − 0.202ε  (4.15) 
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where kd is the responsive k-value as function of slab thickness and D is the thickness of 

the slab in inches. On further analysis, it was concluded that an inverse transformation of 

the k-value would make the ILLISLAB predictions a more statistically normal data set. 

The normalizing transformation power was found to be -0.3. Hence, performing a linear 

regression on the transformed data yielded a more stable model: 

kd = (0.05D + 0.008ε − 0.48)−3  (4.16) 

Further evaluation of equations 4.15 and 4.16 showed that equation 4.15 yielded 

more consistent results when the slab thickness is less than approximately 7.5 inches. 

Predictions for thicknesses out of this range tend to underestimate the k-value. In 

opposition, the k-value is grossly overestimated for thicknesses less than 7.5 inches using 

equation 4.16, but is well approximated for slab thicknesses greater than 7.5 inches. 

It was resolved that two functions should be used to accurately describe the 

variation of the k-value with slab thickness – k-value varies exponentially with slab 

thickness for thicknesses less than 7.5, and as a power function for thicknesses greater 

than 7.5 inches. The functions are, 

ln kd = 22.2816 − 1.381D − 0.202ε , D  < 7.5 inches 

kd = (0.05D + 0.008ε − 0.48)−3
, D >  7.5 inches (4.17) 

Like equation 4.14, equation 4.17 is unrestricted and hence encompasses all 

thicknesses including those applicable to rigid pavement analysis and design. 
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A graphical representation of the data from the ISLAB2000 simulations to 

observe the variation of the k-value with the thickness of the slab is given in Figure 4.28 

(high values of k are included in the graphs to illustrate the model). Figure 4.29 shows 

the goodness of fit for the joint functions (equation 4.17). 

Table 4.6. Required k-value for Slab Thickness 

Thickness (in) k_27.2 k_28.6 k_30.8 k_36.7 

6.0 5000 3500 2500 760 

6.5 2500 1800 1100 380 

7.0 1200 870 550 200 

7.5 600 450 300 130 

8.0 370 280 190 87 

8.5 230 180 130 60 

9.0 165 130 95 42 
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Figure 4.28.  Variation of k-value with Slab Thickness 
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Figure 4.29.  Comparison of Fitted K-value with ISLAB2000 
Predictions 
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4.3.10 Responsive k-value as a Function of Elastic Modulus 

The results of the ISLAB2000 simulations are tabulated in Table 4.7 and shown 

graphically in figure 4.30 (as in previous graphs, high k-values are included to illustrate 

the model). The regression model that best describes the variation between the k-value 

and elastic modulus uses a transformed data set – the k-values raised to the power –0.23. 

The model is, 

−0.23km = −0.000000052E + 0.0132ε − 0.377  (4.18) 
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where km is the responsive k-value as a function of the slab elastic modulus and E is the 

slab elastic modulus in psi. After rearranging terms and solving for km, equation 4.18 can 

be rewritten as, 

4.348 

km =  1  (4.19)
 0.000000052E + 0.0132ε − 0.377  

This model is applicable to all practical values of elastic moduli and strain levels. 

A plot of the fitted k-values versus the k-values determined from the ISLAB2000 

simulations are given in figure 4.31. 

Table 4.7. Required k-value for Elastic Modulus 

Modulus (psi) k_27.2 k_28.6 k_30.8 k_36.7 

4000000 1200 850 550 200 

5000000 390 280 200 95 

6000000 190 150 110 50 

7000000 110 75 55 25 

8000000 53 43 30 12 

9000000 43 33 20 3 
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Figure 4.30.  Variation of k-value with Elastic Modulus 
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Figure 4.31.  Comparison Fitted k-values with ISLAB2000 Predictions 
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4.4 Using the Responsive Models Simultaneously 

Each responsive model is based on the parameter unique to its analysis. For 

example, the equation for estimating the responsive k- value as a function of thickness 

depends solely on the thickness selected for the slab and is independent of the other 

factors, (i.e., elastic modulus and load). Likewise, prediction equations for responsive k- 

value as a function of elastic modulus and load depend only on the elastic modulus and 

the load level, respectively. 

If it were possible to develop a mechanism for simultaneously using the 

prediction models, such a mechanism would be useful for investigating the combined 

effects of the factors, and predicting a k- value that is representative of all the factors. 

This section describes the integration methods developed and adopted for the analysis 

portion of this study – (1) Method of Averages, and (2) Equivalence Method. 

4.4.1 Simple Method (Method of Averages) 

The first method applies multiplicative ratios to the prediction model based on 

weighted average techniques. The idea is to find a relationship between the responsive k- 

values for each model. Challenges arise due to the independence of the prediction 

models. Each model may produce a different responsive k- value; however the conditions 

under which the models were developed are trusted to reflect real pavement conditions 

(recall the default model in section 4.3.3). It is assumed that an element of the fictitious 

k- value is explained in each of the equations. With this assumption, a combined 

responsive k- value can be computed proportionally from the individual responsive k- 

values. The following procedure (with an example) was employed: 
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1. Select a target strain value (27 microstrain used in this analysis). 

2. Select a default pavement structure.  This will represent the actual pavement 

structure under analysis (Mn/ROAD Cell 6).  For this example, the slab was 

7.38 inches thick and had an elastic modulus of 5600000 psi.  The slab was 

subjected to a single axle load of 12 kips.

3. Use the prediction equations (i.e., kp, kd, and km) to compute the responsive k-

value for the given target strain.

4. Update the target strain value and compute kp, kd, and km.  For this example, 

target strains ranged from 27 to 36 microstrain.   

5. Ratios were computed as the quotient of the individual k-values and the sum 

of all k-values (i.e., kp, kd, and km).

The resulting ratios for the example are tabulated in table 4.8.  As expected, the 

equations predict responsive k-values in near constant ratios.  From table 4.8 the average 

ratios are 0.54, 0.33, and 0.14 for kp, kd, and km respectively.  These ratios can now be 

used to compute a combined responsive k-value; i.e., 

mdPeff kkkk 14.033.054.0 ++=      (4.19) 
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Table 4.8.  Example of ratios for prediction equations using Simple Method

   Relation ratio 
Strain kd km kp rd rm rp

27 762 294 1096 0.35 0.14 0.51 
28 623 239 923 0.35 0.13 0.52 
29 509 196 778 0.34 0.13 0.52 
30 415 162 656 0.34 0.13 0.53 
31 340 135 553 0.33 0.13 0.54 
32 277 114 466 0.32 0.13 0.54 
33 227 96 393 0.32 0.13 0.55 
34 185 82 331 0.31 0.14 0.55 
35 151 70 279 0.30 0.14 0.56 
36 124 60 235 0.30 0.14 0.56 

Average 0.33 0.14 0.54 

 Note that these ratios are not applicable to every pavement structure.  In fact, each 

pavement structure (i.e., with a different thickness, elastic modulus and loading 

condition) will have a unique set of ratios.  So generally stated, the combined responsive 

k-value can be written as, 

mmddPseff krkrkrk ++=       (4.20) 

where rs, rd, and rm are ratios to be applied to the prediction equations for the responsive 

k-value as a function of single axle load, slab thickness, and elastic modulus, 

respectively.  A similar procedure is used if there is a tandem axle loading, i.e., replacing 

kp, with kp2.
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4.4.2 Elaborate Method (Equivalence Method) 

The second method incorporates the effects of all the parameters into a combined 

responsive k-value by relating the equivalency between parameters.  The idea behind this 

method is to ask, “ What value of elastic modulus (for example) yields a km that is equal 

in magnitude to the kd produced using a particular thickness?”  It can then be inferred that 

the elastic modulus (E) is equivalent to the thickness (D).  This equivalency (or 

relationship) can be used to predict a km that is dependent on D and not E.  Furthermore 

the ks can be averaged and used as a combined k-value.  The procedure for the 

equivalence method (including an example) is described below. 

4.4.2.1 Equivalent Factor Levels

 Slab thicknesses (D) ranging from 6.0 inches to 9.0 inches were selected for 

computing the k-value (i.e., kd).  Using a ‘trial and error’ iterative method, the remaining 

prediction equations were used to compute a responsive k-value approximately equal to 

kd.  The corresponding parameter value that yielded the approximate kd were recorded 

and referred to as being ‘computationally equivalent’ to the thickness.   This procedure 

was performed on the entire range of slab thicknesses.  Table 4.9 shows the equivalent 

values obtained from the procedure. 
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Table 4.9.  Equivalent parameter values. 

D (in) E (psi) P (kips) P2 (kips) To yield a k equal to 

6.0 2650000 13.95 34.70 2378 
6.5 3200000 13.08 32.60 1192 
7.0 3850000 12.07 29.40 598 
7.5 4618000 10.85 26.76 300 
8.0 5010000 10.14 25.50 217 
8.5 5570000 8.97 23.90 143 

9.0 6110000 7.10 22.50 99 

4.4.2.2 Equivalence Equations

 The values in table 4.9 were used to formulate equations to estimate E, P, and P2

as a function of D. These estimates are only equivalent quantities and by no means 

suggest that they are “equal” to D – they are the values of E, P, and P2 that produces a 

responsive k-value that is approximately the same as a responsive k-value predicted by a 

D.  (Note that any of the parameters could have been used as the independent variable; 

there were no special implications on selecting D as the independent variable).

The equivalence equations for E, P, and P2 as a function of D are given in 

equations 4.21 through 4.23.  Figures 4.32 and 4.33 show graphical representations of 

table 4.9. 

 42917141162857 −= DEd       (4.21) 

05.62654.360182.758927.62358.0 234 −+−+−= DDDDPd  (4.22) 
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 8.148935.84573.172434.155115.0 234
2 −+−+−= DDDDP d  (4.23) 

Figure 4.32.  Equivalency Plot for Thickness and Modulus
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Figure 4.33.  Equivalency Plot for Thickness and Single Axle Load
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4.4.2.3 Computing a Combined Responsive k-value

 Equations 4.21 through 4.23 estimate values for E, P, and P2 in terms of the slab 

thickness D.  These estimates are entered in their respective prediction equation 

(equations 4.12 through 4.20) to determine individual responsive k-values.  Parts 4 and 5 

of the Simple Method are then used to compute ratios (see example in table 4.10).  The 

combined responsive k-value is then computed as equation 4.20, 

Figure 4.34.  Equivalency Plot for Thickness and Tandem Axle Load
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mmddSAseff krkrkrk ++=

Table 4.10.  Example of ratios for prediction equations using Equivalence Method

   Relation ratio 
Strain kd km kSA rd rm rSA

28 623 1103 529 0.28 0.49 0.23 
29 509 835 446 0.28 0.47 0.25 
30 416 657 376 0.29 0.45 0.26 
31 340 531 316 0.29 0.45 0.27 
32 277 437 267 0.28 0.45 0.27 
33 227 364 225 0.28 0.45 0.28 
34 185 306 189 0.27 0.45 0.28 
35 151 258 160 0.27 0.45 0.28 
36 124 219 135 0.26 0.46 0.28 

Average 0.28 0.46 0.27 

The methods described above are not meant to be equivalent to each other – they 

are merely different techniques for estimating a combined responsive k-value.  They are 

both by-products of a credible set of equations based on simulations using ISLAB2000.  

In addition, it is not the claim of this study that the methodologies used to develop the 

integration methods are finite; they were developed for comparisons in this study. It is 

intended that such an analysis will serve as a basis for revamping the context of ‘k-value’

and the way it is implemented in finite element models. 
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4.5 Thermal Effects

 A temperature differential or gradient throughout the slab is an additional source 

of induced stress in the slab.  For slabs resting on the subgrade, temperature gradients 

may ultimately lead to loss of subgrade support.  The implications are that the ability of 

the subgrade to compress has been substituted with the properties of air voids and other 

loose material (e.g. loose soil or crumbled concrete). 

 Incorporating this effect into the selection of a k-value may be one method of 

eliminating the need to include separate temperature curling considerations in the 

pavement response modeling.  The following section explores this idea. 

4.5.1 Temperature Differential as a Single Axle Load 

 Temperature differentials are usually accompanied by temperature curling 

stresses.  During the daytime, the top of the slab is generally warmer than the bottom of 

the slab causing it to curl downward.  With the slab’s weight pulling the center of the 

curl, tensile stresses are induced in the bottom of the slab while compressive stresses are 

induced in the top.  The converse is true for temperature differentials during the 

nighttime.   

 Although the mechanisms involved in thermal-induced stresses and load-induced 

stresses are different, it is possible to compare the magnitude of the strains produced by 

each mechanism and search for systematic variations.  This concept was adopted for the 

analysis in this section.  It is believed, that for a level of subgrade support (k-value), a 

temperature differential can be converted to an equivalent single axle load, which can 

then be used for predicting strains. 
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 A technique similar to those described previously was employed here to 

determine the temperature differential as a function of single axle load.  Recall in section 

4.3, the k-values required to produce the target strains for several levels of single axle 

loads were established.  The default slab values were used, as were the target strain 

levels.

For this analysis, the temperature differential that produced the target strains 

under the same subgrade support conditions (as the in single axle load analysis) was 

recorded and a linear regression was performed on data.  The resulting equation (equation 

4.23) uses the temperature differential to predict an equivalent single axle load, and can 

now be used with equation 4.12.  This relationship is, 

( ) 3605.445339.00972.006.4 +−−−= εε dTP    (4.23) 

where dT is the required temperature differential to produce the strain level.  Note that 

dT⋅ε is an interaction term, which cancels out any aliasing effects between the 

temperature differential and the strain level. This relationship is illustrated in figure 4.35.  

Tables 4.11 through 4.14 present the results of the simulations in ISLAB2000.   
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Table 4.11.  Load-dT relationship for a 27.2 micro strain level. 

LOAD (kips) Required k-value (psi/in) dT (oF)

8 200 14.6 

9 300 13.7 

10 410 13.2 

11 550 12.8 

12 1200 12.2 

13 2500 11.9 

Figure 4.35. Variation Between DeltaT, Single Axle Load and Strain Level
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Table 4.12.  Load-dT relationship for a 28.6 micro strain level.

LOAD (kips) Required k-value (psi/in) dT (oF)

8 150 16.6 

9 220 15.6 

10 300 14.7 

11 400 14.3 

12 870 13.6 

13 1700 13.5 

Table 4.13.  Load-dT relationship for a 30.8 micro strain level.

LOAD (kips) Required k-value (psi/in) dT (oF)

8 100 20.5 

9 150 18.6 

10 205 17.6 

11 270 16.8 

12 550 15.6 

13 1100 14.9 

Table 4.14.  Load-dT relationship for a 36.8 micro strain level. 

LOAD (kips) Required k-value (psi/in) dT (oF)

8 43 35.5 

9 63 31.5 

10 85 29.0 

11 115 27.1 

12 200 24.0 

13 375 21.8 
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4.6 Effects of Load Placement

Recall from the discussion in section 2.1.3.2.4, that for a given slab thickness, the 

apparent stiffness of the foundation is dependent on the location of the load on the slab, 

i.e., edge, interior or corner.    A load placed at an interior location on the slab has full 

support from both the slab and the subgrade.  However, the same load placed at a free 

edge has only partial support from the slab.  There is a decrease in the area over which 

the load is applied, and a corresponding increase in the stress at this location.  

Consequently, the subgrade will have to be much stiffer at this location to compensate for 

the additional support the slab would have provided if the subgrade was present, as in the 

case of an interior loading. 

This hypothesis is investigated in this section.  For consistency, the same target 

strain values are used to investigate how the k-value varies with the location of a single 

axle load.  Two scenarios are analyzed: 

1) Variation in foundation support as the load moves towards a free edge – 

representing both a free edge or an undoweled joint. 

2) Variation in foundation support as the load moves towards a doweled joint. 

Models describing the responsive k-value as function of load placement were 

constructed for each scenario using ISLAB2000 and ARC, and then compared for 

similarities and differences. 
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4.6.1 Load Placement towards a Free Edge or an Undoweled Joint

 The location of a single axle load was varied laterally at 6, 12, 18, 24, 30, and 36 

inches from the outer edge of the slab (see figure 4.36 for definition of lateral offset).

The results of the simulation are tabulated in table 4.15 and illustrated in figure 4.37.  The 

regression model that best fits the data describes the log of the responsive k-value in 

terms of a second order variation of the edge offset –  

ε1698.01311.000203.04725.13ln 2 −−+= eeedge OOk    (4.24) 

where Oe is the lateral offset of the load from the slab edge.  Equation 4.24 can be 

rewritten for kedge as, 

ε1698.0311.0

2

709630
+=

e

e

O

O

edge e
ek        (4.25) 

Figure 4.38 illustrates the goodness of fit of the model.    No statistical difference, at 

0.05% significance level, was found between the simulation results and the fitted model. 

 Table 4.15.  Variation k-value and load placement – towards free edge

Edge_Offset k_27.2 k_28.6 k_30.8 k_36.8
6 3400 2720 1900 800

12 1820 1400 910 380
18 1300 990 640 255
24 1100 800 500 190
30 1000 700 450 174
36 930 680 400 160
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Figure 4.36.  Definition of lateral offset for single axle load
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Figure 4.37.  Variation Between k-value and Edge Offset
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Figure 4.38.  Comparison of ISLAB2000 Data and Fitted Data
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4.6.2 Load Placement towards a Doweled Joint

 This analysis investigated the effect of moving a load towards a doweled joint.  

Again, the simulation parameters took on the default values for consistency.  There were 

minor changes made in the parameter range; 

1.  Target strain range – only the 30.8, 28.6, and 27.2 target strains were 

included in this analysis;

2. Offset range – the 6- and the 12-inch offsets from the joint were omitted from 

the analysis. 

These changes were made due to the small magnitude of strains produced in the 

simulations.  Strains, particularly in the 6- and 12-inch simulations, were smaller than the 

target strains.  Hence, for compatibility with the previous analysis, only the 18-, 24-, 30-, 

and 36-inch offsets were used.  Figure 4.39 shows the definition of lateral offset for this 

analysis. 

The results of the simulation are presented in table 4.16 and illustrated graphically 

in figure 4.40.  The regression model that best describes the relationship between the 

responsive k-value and the offset from a doweled joint is given by, 

ε768.157103.120868.193.3428 2 −+−= JJdow OOk      (4.26) 
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where OJ  is the lateral offset of the load from the slab joint.  The model’s goodness of fit 

is illustrated in figure 4.41.  No statistical difference (0.05% significant level) was found 

between the simulated results and the fitted model. 

Table 4.16.  Variation between the k-value and load placement – towards doweled
    joint.

Figure 4.39. Lateral offset definition from doweled joint. 
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Figure 4.40.  Variation of k-value with Doweled Joint Offset
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Knowing the type of model that defines a responsive k-value in terms of a load 

placed near a free edge (or undoweled joint) and a load placed near to a doweled joint, 

may be useful in comparing the subgrade’s behavior to varying degrees of load transfer.   
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4.7 A Step Towards Selecting the Best Prediction Model

Several models have been proposed for predicting what is referred to in this study 

as a responsive k-value – responsive because it can change with a change in structural 

conditions.  As demonstrated, these models can produce very different estimates of the 

responsive k-value.  It becomes an ambiguous task to select the model that is most 

reliable for mimicking reality.  The models that are of importance in this analysis are kd,

km, kp, and keff.  For uniqueness, keff will be separated as ke1 for the simple method, and ke2

for the equivalence method. 

As previously mentioned, each model explains to a degree, the behavior of the 

foundation to changes in structural parameters.  However, it is possible that one model 

simulates this behavior better than the others. 

In this form of model selection, it is sometimes more advantageous to consider the 

unique solutions of time-dependent models, i.e., discrete models.  A discrete model could 

be used to simulate a detailed response of the foundation, and an investigation could be 

tailored to evaluate which responsive model forces the foundation into a ‘true’ state after 

a certain time.  However, such a model requires exhaustive computing efforts, and as 

such, this research is restricted to macroscopic modeling of the foundation. 

Two primary comparisons were constructed to help evaluate the model that best 

simulates true conditions: 

1. Use the regression equations to predict the responsive k-value for 

conditions at the Mn/ROAD Test site during the Spring 1999 load tests, 
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and compare the estimates with the k-value determined from testing in the 

field. 

2. Simulate portions of the Spring 1999 load tests in ISLAB2000 and 

compare the resulting simulated responses (longitudinal strains) to the 

actual strains obtained from the test. 

4.7.1 Responsive k-value versus ‘True’ k-value

 The ‘true’ k-values used in this analysis refer to the k-values obtained from 

backcalculation of FWD deflection data collected during the road test.  Eight concrete 

cells were modeled – 6, 7, 9, 11, 13, 36, 37, and 38.  Each cell’s geometry and material 

properties were entered in the appropriate regression model, and the responsive k-value 

was computed.  Cell properties were presented in Chapter 3. 

 A target strain value of 30.8 microstrain was used in this analysis.  This particular 

value was used because it represented an average strain that can be expected in a FEM 

pavement model using typical ranges for the structural properties of a concrete slab, i.e., 

thickness and elastic modulus.  The results of the analysis are summarized in table 4.17. 

 From table 4.17, it is concluded that the prediction model of k as a function of the 

slab elastic modulus (km) offers the best estimate of the field k-value (kact) for the 

Mn/ROAD cells that were analyzed.  The values corresponding to the km column have the 

highest correlation with those from the field.  This high correlation was validated 

statistically with 95% confidence (using paired t-test for equal means – the data provide 

overwhelming evidence that the means of the km column and the kact column are equal). 
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 Table 4.18 shows the differences in values between column kact and the other 

columns.  Column km has by far the smallest differences, signifying its close correlation 

with kact.  Figure 4.42 visually reinforces this conclusion.   

This close correlation between these particular quantities may be explained in 

terms of the similarity in the properties they represent.  The k-value, as discussed 

previously, represents the ability of the subgrade to deform (or compressibility) under 

stress agents, and is defined throughout a volume (i.e., units of lb/in2 per in, or lb/in3).  

Correlatively, the elastic modulus (from which km is predicted) also represents the ability 

of a medium to deform (in this case the slab), however it is defined over an area (i.e., 

units of lb/in2).  It is intuitive that these quantities may represent the same behavior 

structurally. 

 According to statistical tests, kd is also an acceptable estimate. However it 

generally overestimates the field k-values, which is especially notable in cells with lower 

thicknesses or higher elastic moduli (cells 36, 37, 38).  The results of the statistical tests 

are provided in Appendix C. 

In summary, the prediction equation that provides the best estimate of 

backcalculated k-values for cells 6, 7, 9, 11, 13, 36, 37, and 38 is km, which is given by 

equation 4.19, 

348.4

377.00132.0000000052.0
1

−+
=

εE
km       



170

Table 4.17.  Responsive k-values versus field k-values

CELL Thickness (in) 
Modulus

(ksi) kact km ke1 ke2 kd

C06 7.38 5,600  127 140 293 547 350 
C07 7.85 5,600  181 140 210 370 249 
C09 7.81 5,600  185 140 217 384 259 
C11 9.61 5,400  162 162 134 102 66 
C13 9.85 5,400  157 162 135 101 58 
C36 6.53 5,700  202 131 1040 1756 1144 
C37 6.86 5,700  152 131 634 1101 725 
C38 6.58 5,700  108 131 965 1636 1067 

Table 4.18.  Numerical differences between the kact and the responsive k-values. 

kd km ke1 ke2

223 13 166 420 
68 41 29 189 
74 45 32 199 
96 0 28 60 
99 5 22 56 
942 71 838 1554 
573 21 482 949 
959 23 857 1528 
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4.7.2 Simulated Strains versus Mn/ROAD Spring 1999 Test Strains

Two test runs from the Spring 1999 load tests were simulated in ISLAB2000. 

The program was setup to model three different test cells at the Mn/ROAD site – cells 6, 

7, and 9.  The geometry and material properties of the cells were presented in Chapter 3.  

The responsive k-values used in ISLAB2000 for the pavement model were first computed 

with the prediction models using the respective properties of the cells (i.e., thickness and 

elastic modulus) and loading conditions for the test.  Table 4.19 summarizes the 

responsive k-values computed for each cell.  Note that kact denotes the k-value determined 

at the time of the test. 

Figure 4.42.  Responsive k-value and field k-value For Each Cell
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Table 4.19.  Responsive k-value computed for each cell.

RESPONSIVE K-VALUE (Estimated)
RUN CELL kact kd km kp ke1 ke2

2 6 127 354 140 572 443 538 
 7 181 249 140 572 425 367 
 9 185 264 140 572 427 389 
3 6 127 354 140 791 600 538 
 7 181 249 140 791 600 367 
 9 185 264 140 791 600 389 

 The test runs simulated were tests 2 and 3.   The purpose of tests 2 and 3 was to 

investigate the effect of single axle loading on the longitudinal strain response in concrete 

slabs.  The steering axle of the Mn/ROAD truck was loaded to 12 kips and 13 kips for 

tests 2 and 3, respectively.  The different tests cells allowed for the combined effect of 

single axle load with geometry and material properties of the pavement structure. Full 

details of the tests were provided in chapter 3.

 The results extracted from the ISLAB2000 simulations directly matched the 

strains collected at the various sensors in the tests cells.  That is, the coordinates of the 

sensors were mapped into the ISLAB2000 model.  In addition, the simulated strains were 

extracted from the slab extremes (i.e., top or bottom of the slab), hence the field strains 

used were adjusted to the extreme fibers, as explained earlier in the chapter.  For 

simplicity, only strain magnitudes were used in this analysis.  

The sensors used in this analysis, along with the offsets from the centerline and 

edge, and the corresponding ISLAB2000 coordinates, are provided in tables 4.20 through 

4.22.  These tables also summarize pertinent properties of the simulations. 
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Table 4.20. Properties and sensor location for cell 6.

Thickness: 7.38” 
Elastic modulus: 5,600,000 psi

ISLAB2000 Coordinate 

Sensor Offset, CL (edge) X Y NODE 
C06CE003 116.9 (39.1) 42 270 1158 
C06CE004 130.7 (25.3) 24 270 1155 
C06CE007 116.9 (39.1) 42 270 1158 
C06CE008 130.7 (25.3) 24 270 1155 

C06CE010 118.3 (37.7) 36 270 1157 

C06CE011 130.7 (25.3) 24 270 1155 
C06CE013 118.3 (37.7) 36 270 1157 
C06CE014 130.7 (25.3) 24 270 1155 

Table 4.21.  Properties and sensor location for cell 7.

Thickness: 7.85” 
Elastic modulus: 5,600,000 psi ISLAB2000 Coordinate 

Sensor Offset, CL (edge) X Y NODE 

C06CE003 117.96 (50.04) 48 270 1159 

C06CE004 130.2 (37.8) 36 270 1157 

C06CE007 117.96 (50.04) 48 270 1159 

C06CE008 130.2 (25.3) 36 270 1157 

C06CE010 117.96 (50.04) 48 270 1159 

C06CE013 117.96 (50.04) 48 270 1159 

C06CE014 130.2 (25.3) 36 270 1157 

C06CE040 117.96 (50.04) 48 270 1159 

C06CE041 117.96 (50.04) 48 270 1159 
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Table 4.22.  Properties and sensor location for cell 9. 

Thickness: 7.79” 
Elastic modulus: 5,600,000 psi ISLAB2000 Coordinate 

Sensor Offset, CL (edge) X Y NODE 

C06CE007 118.9 (49.7) 48 270 1159 

C06CE008 130.1 (37.9) 36 270 1157 

C06CE011 130.1 (37.9) 36 270 1157 

C06CE013 118.9 (49.7) 48 270 1159 

C06CE014 130.1 (37.9) 36 270 1157 

C06CE040 118.9 (49.7) 48 270 1159 

C06CE041 118.9 (49.7) 48 270 1159 

4.7.2.1 Simulation Results

 The following is a synopsis of the results of the simulated test runs.  In addition, 

certain trends and key observations are detailed.  The symbols used are defined in the 

following way: let the subscript i represent the independent variables in the prediction 

equations for the responsive k-value; then the predicted (simulated) strain ε(ki) is defined 

as “the simulated strain using an input k-value equal to the responsive k-value as a 

function of the independent variable i”.

Strains in Cell 6 with Axle Load Equal to 12 kips 

 Figure 4.43 shows a comparison of the simulated strains and field strains for this 

test run (i.e., test 2) in cell 6.  The following key visual observations can be made: 

1. The least variant (closest) estimate of the field strains is ε(kp); 
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2. The most variant estimate of the field strains is ε(kact);

3. All ε(ki)’s follow the general distribution of the field strains, 

demonstrating that the ISLAB2000 model is consistent with true pavement 

behavior; and, 

4. Visually, ε(kact) and ε(km) are not good estimates of field strains. 

 Strains in Cell 6 with Axle Load Equal to 13 kips 

Figure 4.44 shows a comparison of the simulated strains and field strains for this 

test run (i.e, test 3) in cell 6.  The following key visual observations can be made: 

Figure 4.43.  Field and Simulated Strains For Sensors in Cell 6 (Axle Load = 
12kips)
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1. It is difficult to visually determine the most consistent or variant estimate 

of the field strains; 

2. There is a small degree of consistency in the general distribution of 

simulated and field strains; and, 

3. The field strains generally tend to be higher. 

4. There is a need to conduct further statistical evaluation to determine the 

most consistent estimate of the field strains. 

Figure 4.44.  Field and Simulated Strains For Sensors in Cell 6 (Axle Load = 
13kips)
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Strains in Cell 7 with Axle Load Equal to 12 kips 

Figure 4.45 shows a comparison of the simulated strains and field strains for this 

test run (i.e, test 2) in cell 7.  The following key visual observations can be made: 

1. The most consistent (closest) estimate of the field strains is ε(kp);

2. The most variant estimate of the strains is ε(km);

3. All estimates closely follow the general distribution of field strains; 

4. The simulated strains are generally higher than the field strains; and, 

5. Visually, ε(km), ε(kact), and ε(kd) are not good estimates of the field strains. 

Figure 4.45.  Field and Simulated Strains For Sensors in Cell 7 (Axle Load = 12kips)
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Strains in Cell 7 with Axle Load Equal to 13 kips 

 Figure 4.46 shows a comparison of the simulated strains and field strains 

for this test run (i.e, test 3) in cell 7.  The following key visual observations can be made: 

1. The most variant estimate of the field strains is ε(km);

2. It is difficult to visually determine the most consistent estimate; 

3. In general, the simulated strains follow the distribution of the field strains. 

4. From visual observation, ε(km), ε(kact), and ε(kd) do not appear to be good 

estimates of the field strains. 

Figure 4.46.  Field and Simulated Strains For Sensors in Cell 7 (Axle Load = 13kips)
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Strains in Cell 9 with Axle Load Equal to 12 kips 

Figure 4.47 shows a comparison of the simulated strains and field strains for this 

test run (i.e, test 2) in cell 9.  The following key visual observations can be made: 

1. The most consistent estimate of the field strains is ε(kp);

2. The most variant estimate of the field strains is ε(km);

3. The simulated strains follow the general distribution of the field strains; and, 

4. From visual observation, ε(km), ε(kact), and ε(kd) do not appear to be good 

estimates of the field strains. 

Figure 4.47.  Field and Simulated Strains For Sensors in Cell 9 (Axle Load = 12 kips)
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Strains in Cell 9 with Axle Load Equal to 13 kips 

 Figure 4.48 shows a comparison of the simulated strains and field strains 

for this test run (i.e., test 2) in cell 9.  The following key visual observations can be made: 

1. The most consistent estimate of the field strains is ε(kp);

2. The most variant estimate of the field strains is ε(km);

3. The simulated strains follow the general distribution of the field strains; 

4. From visual observation, ε(km), ε(kact), and ε(kd) do not appear to be good 

estimates of the field strains; and, 

5. The simulated strains are generally higher than the field strains. 

Figure 4.48.  Field and Simulated Strains For Sensors in Cell 9 (Axle Load = 
13kips)
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4.7.2.2 Discussion

The observations made in the visual analysis of the simulated and field data had 

similar trends for each scenario.  For example, there is overwhelming visual evidence that 

the most consistent estimator of the field strains (i.e., simulated strains appear closest to 

field strains) are obtained when the responsive k-value as a function of the single axle 

load is used as the k-value input in ISLAB2000.  Another important trend is the 

consistency of the most variant estimator (i.e., simulated strains appear furthest from the 

field strains), which is obtained when the responsive k-value as a function of elastic 

modulus is used as the k-value input in ISLAB2000. 

From the analysis in section 4.8.1.1, it is easy to rationalize ε(km) as being the 

most variant estimator.  Recall from the discussion in section 4.8.1.1, km produced 

responsive k-values that were comparable to the k-values obtained through field testing 

(kact).  One of the main positions in this research is that it is not sufficient to simply use k-

values obtained from the field as input for FEM pavement analysis programs – they yield 

strains that are consistently higher than strains obtained in the field.  It follows then that 

ε(km) which is a good estimator of (kact), will also be a poor estimate of field strains. 

Determining the best estimator of the field strains was not as clear-cut as 

evaluating the best estimate of the field k-value.  It was especially difficult in the 

simulation of test 3, where, for most cells, the results were visually inconclusive.  Since 

the goal of the above analyses is to move towards evaluating the best responsive k-value 

prediction model – which in this case is referred to as the most consistent model – it was 

necessary to conduct additional analyses to provide “concrete” reasons for the choice 

model.
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In particular, a statistical analysis was conducted to aid in the evaluation.  The 

“paired t-test” analysis was utilized to test the null hypothesis that the mean of the 

simulated strains (individual estimator) were statistically equal to the mean of the field 

strains versus the alternative – the means are not equal; i.e.,  

Ho: (E(simulated strains)i  - E(field strains)) = 0 

HA: (E(simulated strains)i  - E(field strains)) ≠ 0 

 where the subscript i represents the factor of which the responsive k-value is a function 

(i.e., m, act, d, etc.).

A significance level of 0.05% was used as the criterion for the tests.  A summary 

of the tests is presented in tables 4.23 through 4.25 (provided fully in Appendix C.  The 

third column in the tables simply states if the test was passed or failed – passed if the p-

value is greater than 0.05%, indicating that there is not enough evidence to throw out the 

null hypothesis using this significance level. 
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Table 4.23.  Results of hypothesis testing for Cell 6. 

TEST 2 TEST 3 

Estimate p-value Condition Estimate p-value Condition 

ε(km) ~0 Fail ε(km) .16 Pass 

ε(kd) 0.02 Fail ε(kd) 0.01 Fail 

ε(kp) 0.23 Pass ε(kp) ~0 Fail 

ε(ke1) 0.06 Pass ε(ke1) 0.06 Pass 

ε(ke2) 0.17 Pass ε(ke2) 0.01 Fail 

ε(kact) ~0 Fail ε(kact) 0.22 Pass 

Table 4.24.  Results of hypothesis testing for Cell 7. 

TEST 2 TEST 3 

Estimate p-value Condition Estimate p-value Condition 

ε(km) ~0 Fail ε(km) ~0 Fail 

ε(kd) 0.03 Fail ε(kd) 0.05 Pass 

ε(kp) 0.56 Pass ε(kp) 0.09 Pass 

ε(ke1) 0.24 Pass ε(ke1) 0.29 Pass 

ε(ke2) 0.15 Pass ε(ke2) 0.56 Pass 

ε(kact) 0.01 Fail ε(kact) ~0 Fail 
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Table 4.25.  Results of hypothesis testing for Cell 9. 

TEST 2 TEST 3 

Estimate p-value Condition Estimate p-value Condition 

ε(km) ~0 Fail ε(km) ~0 Fail 

ε(kd) 0.01 Fail ε(kd) 0.01 Fail 

ε(kp) 0.32 Pass ε(kp) 0.56 Pass 

ε(ke1) 0.08 Pass ε(ke1) 0.25 Pass 

ε(ke2) 0.05 Pass ε(ke2) 0.05 Pass 

ε(kact) ~0 Fail ε(kact) ~0 Fail 

 It should first be pointed out that figure 4.44 suggests that there are errors in this 

set of field data (i.e., strains for test 3 in cell 6).  Note how these data points deviate 

significantly from the general pattern of the other data points in each scenario.  Therefore 

for the purpose of this analysis, it is assumed that the mentioned data set is erroneous and 

will not be considered. 

 For test 2, the results of the hypothesis testing are consistent through each cell – 

the estimates that showed statistical evidence of having a mean equal to the mean of the 

field strains are ε(kp), ε(ke1), and ε(ke2).  There was not sufficient evidence to support that 

the mean of ε(km), ε(kd), or ε(kact) is equal to the mean of the field strains.  A similar trend 

is observed in the results for test 3 (with the exception of ε(kd) in cell 7, which marginally 

passed).
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 Of the three estimates that are statistically equal to the field strains, ε(kp) gave the 

highest degree of statistical evidence to support its consistency with field strains in every 

scenario (indicated by highest p-value).  Hence, from this analysis, it is apparent that by 

using kp to estimate the k-value, the strains produced in ISLAB2000 are consistent with 

field strains.  

The second best estimator is ε(ke1), which is a weighted average of the three 

prediction equations (see section 4.4.1 for definition). 

4.7.2.3 Summary

Based on the above analysis, 

1. The foundation parameter that best estimates strains that are consistent 

with observed strains is kp, which is given by equation 4.13; 
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2. An alternative foundation support parameter is ke1, which is a weighted 

average of the prediction equations, and is defined by equation 4.21; 

mmddSAseff krkrkrk ++=
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3. The km model, though it is a good predictor of the field k-value, is not a 

good FEM model input for estimating strains. 
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V. CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions

 The main premise of this study it that it is not sufficient to extract a k-value 

through field tests and apply it to rigid pavement design and analysis in finite element 

models.  This ambiguously defined parameter, in reality, is not the only source of 

numerical inconsistency; however, it was adopted in this study as a main source of error 

since the medium for which it is defined is such an important consideration for the 

response of rigid pavements to induced stress.  In addition, several studies have indicated 

the need to adjust the k-value obtained in the field before using it with a FEM pavement 

analysis model. 

 The k-value is traditionally defined as a static value, i.e., maintaining the same 

value even if pavement structure’s geometry, material properties (such as slab thickness, 

slab elastic modulus) or axle loading is altered.  The analysis portion of this study 

explored the idea of defining the k-value as a variable quantity (hence the name 

responsive k-value). 

 An extensive analysis was conducted to determine how the k-value varies with 

structural parameters.  Several models have been proposed for evaluating the variation of 

the k-value with some parameters that impact the subgrade’s ability to deform under load.  

The proposed responsive k-value models are summarized in Table 5.1. 
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Table 5.1.  Models for predicting a dynamic k-value 

Independent Variable Equation Model 

Single Axle Load 4.12 
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ek

Tandem Axle Load 4.14 ε314.000422.0
2

2242607 −= P
P ek

Slab Thickness 4.17 

ε202.0381.12816.22ln −−= Dkd ,
for D ≤  7.5 inches 

( ) 348.0008.005.0 −−+= εDkd ,
for D >  7.5 inches

Slab Elastic Modulus 4.19 
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Lateral Offset (load at 
free edge or undoweled 

joint
4.26 ε768.157103.120868.193.3428 2 −+−= JJ OOk

Responsive k-values predicted by models 4.12, 4.17, and 4.19 for some test cells 

at the Mn/ROAD site, were compared with k-values backcalculated from FWD deflection 

data at the time of the Spring 1999 load tests.  For the cells analyzed at Mn/ROAD, the 

following conclusions are made: 
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1. The responsive k-value as a function of the slab elastic modulus (km),

which is given by equation 4.19, is the best estimator of the field k-value; 

and,

2. The responsive k-value as a function of the slab thickness are statistically 

acceptable estimates of the field k-value. 

The other major comparison investigated in this study was that between 

longitudinal strains produced by using a responsive k-value estimated by models 4.12, 

4.17 and 4.19 (also a weighted combined model – equation 4.20), and longitudinal strains 

obtained from the Mn/ROAD Spring 1999 load tests.  For the cells analyzed at 

Mn/ROAD, the following conclusions are made: 

1. The best responsive model for estimating a FEM input k-value that 

produces strains that are consistent with observed strains is the responsive 

k-value as a function of single axle load (kp) – given by equation 4.12; 

2. The weighted combined model (equation 4.20) provides an alternative 

prediction model for simulating strains that are comparable to field strains; 

3. Although the responsive k-value model as a function of slab elastic 

modulus is a good predictor of the field k-value, it is not a good FEM 
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model input for estimating strains that are consistent with field strains; 

and,

4. Strains produced when the field k-value is inputted in a FEM model are 

not consistent with observed strains. 

Thermal considerations were also addressed in this study.  It was reasoned that 

although the mechanisms under which stresses develop are fundamentally different, for 

the same level of subgrade support (k-value), a temperature differential can be converted 

to an equivalent single axle load, and can be used with the models developed in this 

study.  It was concluded that the conversion is possible and based on the techniques used 

in this study, the magnitude of a single axle load can be estimated from a temperature 

differential using equation 4.23, 

( ) 3605.445339.00972.006.4 +−−−= εε dTP     

5.2 Recommendations 

 In this study, the variation of the so-called modulus of subgrade reaction (k-value) 

with several pavement parameters – including geometry, material properties and loading 

conditions – were investigated.  The following are recommendations for future study. 

1. This study assumed the k-value to be a main source of model response 

errors in finite element (FEM) rigid pavement models.  Although the 
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mechanics under which the k-value is defined (i.e., structural or 

foundational support to the pavement system) is crucial in the model, 

incorrect modeling of other factors such as the proximity of a rigid layer to 

the system, bonding between the slab and subsequent layers, and distresses 

in the structure, can contribute to these errors.  A step towards future 

modeling should incorporate similar sensitivity analyses to correctly 

understand how other factors, such as the those mentioned, affect 

mechanical response in the pavement system while stress agents (i.e., as 

load, temperature gradients, and pore pressure, etc.) are being varied. 

2. The bulk of the simulations conducted in this study used a single axle load 

to induce stresses in the pavement slab.  Future studies should investigate 

the effects of different axle configurations, such as tandem axles, tridem 

axles and/or other multi-wheel designs.  Such studies would provide 

models for estimating a responsive k-value as it varies with different types 

of load configuration. 

3. Modeling in this study was confined to macroscopic modeling.  It would 

be helpful to create a similar analysis using a discrete model (such as the 

Distinct Element Method) to describe detailed response of the foundation 

to stress factors.  This type of modeling would help to refine current 

understanding of the mechanical response for which the k-value is 

defined, and to formulate detailed models to reflect this understanding. 
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4. The methodology developed in this study was validated with data from the 

Mn/ROAD testing facility.  Future studies should be aimed at comparing 

the methodology with data obtained from other testing facilities.  Since the 

models were developed based on simulations with a FEM pavement 

analysis program, it is anticipated that similar observations would be made 

with other data. 

5. The prediction models are partly based on so-called “target strain” values.

The target strain used in most simulations and comparisons is 30.8 

microstrain.  This value was favorable because it represents a typical strain 

response of the pavement slab under typical conditions (i.e., loads, slab 

elastic modulus and slab thickness.  As such, any target strain value could 

be used and would produce variable predicted k-values.  Future studies 

should investigate a methodology for refining or limiting the choice of this 

value to make the prediction equations more general in their application. 

6. Several adjustments were made to the raw strain data to make it applicable 

to the analysis.  A particular concern was obtaining the strain distribution 

in the slab.  As a general construction practice for obtaining more accurate 

strain distributions, strain gages should be aligned uniformly throughout 

the slab depth to meet the needs of the study.  For example, this study 

required the strain distribution throughout the slab.  It would have been 

beneficial to have sensors vertically aligned at depth increments of 1 inch.  
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Although meeting such an alignment may not be feasible to construct, it is 

a practice worth considering.  Such a practice would be beneficial in other 

applications. 


